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CHARACTERIZATIONS OF CONTACT CR-WARPED PRODUCTS OF 
NEARLY COSYMPLECTIC MANIFOLDS IN TERMS OF 
ENDOMORPHISMS 


WAN AINUN MIOR OTHMAN, SAYYEDAH A. QASEM, AND CENAP OZEL* 


ABSTRACT. The main objective of this paper is to characterize contact CR-warped product 
submanifolds of a nearly cosymplectic manifold in terms of endomorphisms T and F’. We 
also obtain some neccessary and sufficient conditions for integarbility of distributions involve 


in the definition. 


1. INTRODUCTION 


For a submanifold M of an almost Hermitain (Mm ,J,g), we decompose JU into tangential 
and normal components as JU = TU + FU, for any vector field U tangent to M. Many 
researchers including B.-Y. Chen described geometric properties of subamnifolds in terms 
of T and F [9]. Later, such characterizations were extended for warped products in almost 
Hermitian as well as almost contact settings in [I], 2], [3], [5], [9], (2), (73), 4), (15), (fa), 
[17], [78], 9], 0), (2i], (22), (23), (24). In the present paper, we obtain some results on 
the characterization of contact CR-warped product submanifolds of a nearly cosymplectic 


manifold in terms of endomorphisms T and F’. 
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The paper is organized as follows: In Section 2, we review some preliminary formulas 
and definitions. Section 3 is devoted to the study of contact CR-submanifold of a nearly 
cosymplectic manifold. In Section 4, we prove some lemmas on contact CR-warped product 
submanifolds of a nearly cosymplectic manifold, and then prove our main theorems on the 


characterization of warped product submanifolds in terms of the endomorphisms T and F’. 


2. PRELIMINARIES 


A (2n + 1)—dimensional manifold (M,g) is said to be an almost contact metric manifold if 
it admits an endomorphism y of its tangent bundle TM. , a vector field €, called structure 


vector field and 7, the dual 1—form of € satisfying the following. 


y? =-I+n@é, (6) =1, 9(€) =0, nop =0, (2.1) 


and 


g(pU, pV) = g(U,V) — n(U)n(V), n(U) = g(U, §), (2.2) 


for any U,V tangent to M [8]. An almost contact metric structure (y,€,7) is said to be a 


normal if almost complex structure J on a product manifold MxR given by 


d d 


where f is a smooth function on M x R, has no torsion, i.e., J is integrable, the condition 
for normality in term of y, 7 and € is [y, y] + 2dn@€ =0 on M, where [y, y] is the Nijenhius 
tensor of y. Finally, the second fundamental 2—form ® is defined by ®(U,V) = g(U, pV). 
An almost contact metric structure (vy, 1, &) is said to be cosymplectic if it is normal and both 
® and 7 are closed. They characterized by (Vuy)Y = 0 and Vyé = 0. An almost contact 


metric structure (y,7,€) is said to be nearly cosymplectic if — is killing, i.e., if 
(Vuy)U =0 or equivalently (Vuy)V + (Vyy)U =0, (2.3) 


for any U,V tangent to M. , where V is the connection of the metric g on M. If we replace 
U=6& V=€éin (2.3), we find that (Vepyé = 0 which is implies that oVee = 0. Now 
applying y and using (2.1), we get, Vee = 0. Since from Gauss formula finally, we get 
VeE = 0 and h(E, €) = 0. The structure is said to be a closely cosymplectic, if y is killing and 
7 closed. 

Now let M be a submanifold of M. We will denote by V, the induced Riemannian 


connection on M and g, is the Riemannian metric on M as well as the metric induced on 
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M. Let TM and T+M be the Lie algebra of vector fields tangent to M and normal to 
M, respectively and V+ the induced connection on T+M. Denote by F(M) the algebra of 
smooth functions on M and by I(7M) the F(M)-module of smooth sections of TM over 


M. Then the Gauss and Weingarten formulas are given by 


VuV =VuV +A(U,V), (2.4) 


VyuN =—AyU + VgN, (2.5) 


for each U, V € I(7M) and N € I(T+M), where h and Ay are the second fundamental 
form and the shape operator (corresponding to the normal vector field N) respectively for 


the immersion of M into M. They are related as 
g(h(U, V),.N) = g(AnU,V) (2.6) 
Now for any U € ['(T'M), we write 
pu =TU + FU, (2.7) 


where TU and FU are the tangential and normal components of yU, respectively. Similarly 


for any N € T(T+M), we have 
pN =tN+fQN, (2.8) 


where tN (resp. fN) is the tangential (resp. normal) component of pN. From (2.2) and 
(2.7), it is easy to observe that 


g(TU,V) =—-g(U,TV), (2.9) 


for each U,V € I(T M). The covariant derivatives of the endomorphism y, T and F' are 


defined, respectively as 


(Vuy)V = VuyV —yVuV, VU,V €I(TM) (2.10) 
(VuT)V =VuTV —TVuV, VU,V €T(TM) (2.11) 
(VuF)V =VuFV —FVuV, VWU,V €T (TM). (2.12) 


From we have the following proposition 


Proposition 2.1. On any nearly cosymplectic manifold € is a killing form 
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From the statement of above proposition we have the equality g(Vu€é ,U) = 0 for any 
vector field U tangent to nearly cosymplectic M. We denote the tangential and normal parts 


of (Vuy)V by PuV and QyV such that 


(Vu~)V = PuV + QvV. (2.13) 

for all U,V tangent to M. Making use of (2.2)- (2.12) in (2.13), we can easily obtain 
PyV =(VyuT)V — ApyU —th(U,V), (2.14) 
QuV =(VuF)V +h(U,TV) — fh(U,V). (2.15) 


Similarly for any N € I'(T+M), denoting the tangential and normal parts of (Vuy)N by 
Pu N and Q7N such that 


(Vuy)N = PyN + QuN. (2.16) 

Making use (2.3), (2.7), in (2.16), we obtain 
PuN =(Vut)N +TANU — ApnU (2.17) 
QuN =(Vuf)N +A(U,tN) + FANU, (2.18) 


for all U €T(£M) and N €T(T+M). It is straightforward to verify the following properties 
of P and Q, 


(i) PusvW = PuW + PyW, (ii) Qu;vW = QuUW + OVW, 
(tit) Pu(W + Z) = PuW + Py Z, 

(iv) Qu(W + Z) = QyW + QyZ, (2.19) 
(v) g(PuV,W) =-g(V,PuW), (vi) g(QuV, N) = -g(V, PuN), 

(vii) PupV + QueV = —~(PuV + QuV). 


In a nearly cosymplectic manifold M , we have 
(i) PyV + PyU =0, (it) QOVV + QyU =0, (2.20) 
for any U,V €T(TM). 
3. CONTACT CR-SUBMANIFOLDS OF A NEARLY COSYMPLECTIC MANIFOLD 


Definition 3.1. A submanifold M tangent to the structure vector filed € of an almost con- 
tact metric manifold M is said to be invariant if p(T,M) C (TM) and anti-invariant if 


y(T,M) C (TM) for each x € M. 
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Definition 3.2. A submanifold M tangent to structure vector field € of an almost contact 
metric manifold M is said to be a contact CR-submanifold if there exist a pair of orthogonal 


distributions D and D+ such that 


(i) TM =D@D'@ <€E>, where < € > is 1-dimensional distribution spanned by €, 
(ii) the distribution D is invariant, i.e., p(D) CD, 


(iii) the distribution D+ is anti-invariant, i.e., eD+) C (T+M). 


If pz is an invariant subspace under y of normal bundle T+M. Then, in case of contact 
CR-submanifold, the normal bundle T+M can be decomposed as T+M = FD+ © p. Let us 
denotes the orthogonal porojections on D and D+ by B and C, respectively. Then for any 
U €T(TM), we have 


U = BU + CU +n(U)E, (3.21) 
where BU € T(D) and CU € rip); From (2.7), (2.8) and (3.21), we have 
TU = BU, FU = ¢CU. (3.22) 


So we observe the following equalities 


(i) TC =0, (ii) FB =0, 


(3.28) 
(444) (T+ M) C D+ , (iv) f(T+M) C p. 


Theorem 3.1. Let M be a contact Ck-submanifold of a nearly cosymplectic manifold M. 
Then the distribution D® < € > is integrable if and only if 


2g(VxY, Z) = g(h(Y, pX), ~Z) + g(A(X, vY), pZ), (3.24) 
for any X,Y ET(D®<£>) andZET(D-). 
Proof. Let X,Y €T(D® < € >) and Z €I(D*+), then we derive 


g([X, Y], Z) = W(V XY, Z) —g(VyX, Z) 
= 9(VxY, Z) — 9(pVyX, yZ) 


= 9(VxY, Z) — 9(Vy xX — (Vy) X, 92). 
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From and (2.3), we get 
9([X, ¥], Z) =9(VxY, Z) — g(R(¥, eX), ~Z) — g((Vxe)¥, 22) 

= 9(VxY, Z) — g(h(¥, eX), pZ) — g(VxyY, ¢Z) 
+ g(yVxY, yZ) 
= 9(VxY, Z) — g(h(¥, eX), pZ) — g(h(X, pY), eZ) 
+ g(VxY, Z) 
= 29(VxY, Z) — g(h(Y, pX) + A(X, PY), pZ). (3.25) 


Our assertion follows from the above relation, which proves the theorem completely. 


Lemma 3.1. Let M be a contact CR-submanifold of a nearly cosymplectic manifold M. 
Then the distribution D® < € > defines a totally geodesic foliation if and only if 


n(¥,eX) + W(X, p¥) € (3.26) 
for all X,Y E€T(D®<€E>). 


Proof. The distribution D 6 € is a totally geodesic foliation if and only if VxY € 
['(D @ €) for any X,Y ¢ [(D @£). Applying these definition in the Eq|3.25| we get the 
required proof. 


Similarly, for anti-invariant distribution, we have 


Theorem 3.2. Let M be a contact CR-submanifold of a nearly cosymplectic manifold M. 
Then the distribution D+ is integrable if and only if 


29(VzW, px) = g( A(X, Z), pW) + g(h(X, W), pZ) (3.27) 


for all Z,W €T(D+) and X ET (DO < E>). 


Proof. Let us derive 


9([Z,W], eX) = g(VzW, pX) — g(VwZ, pX) 


= o(VzW, eX) + g(yVwZ, X) 


= 9(VzW, pX) + g(VweZ, X) - 9((Vwe)Z,X), 
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For any Z,W €T(D+) and X EI (D@ < € >). From (2.4), and (2.3), we obtain 


g([Z, W], PX) = g(VzW, pX) — g(ApzW, X) + 9((Vzy)W, X) 


= 9(VzW, eX) — g(AgzW, X) + 9(VzeW, X) — g(pV2W, X) 

= g(VzW, pX) — g(AyzW, X) — g(ApwZ, X) + g(VzW, pX) 

= 29(VzW, pX) — g(AgzW, +AgwZ, X). (3.28) 
Thus the desired result follows from the last the relation. It completes the proof of the 


theorem. 


The following corollary is a consequence of the Theorem |3.2} 


Corollary 3.1. The anti-invariant distribution D+ of contact CR-submanifold M in a nearly 


cosymplectic manifold M is defines totally geodesic foliation if and only if 


AgzW + ApwZ €T(D+) (3.29) 
for all Z,W €T(D+). 
Proof. The proof follows from (3.28) and the definition of totally geodesic foliation. 


Theorem 3.3. The distribution D+ of a contact CR-submanifold M in a nearly cosymplectic 


manifold M is integrable if and only if 

g(PzW, pX) = 2n(X)g(Vzé, W) 
or equivalent 

g(AgzW, pX) = g(ApwZ, pX), (3.30) 
for all Z,W €T(D+) and X ET(DO< E>). 
Proof. Let use the definition of Lie bracket, then simplification gives 

9((Z,W], X) = 9 V2W - VwZ,X), 

for Z,W €T(D+) and X €I(D® < € >). Using (2.2), we get 


9([Z, W], X) = 9(pVzW — pVwZ, eX) — (X)g(Vzé, W) + (X)9(Vw8, Z). 
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Hence, using the property of covariant derivative (2.10), structure equation of a nearly cosym- 
plectic manifold (2.3) and Proposition 2.1, we obtain 


g((Z, W], X) = 9(2P2W — VweZ + VzpW, eX) — 2n(X)g(V 26, W). 
Now from Weingarten formula (2.5), we have 
9([Z, W], X) = 9(2PzW, pX) — g(ApzW — AgwZ,pX) — 2n(X)9(Vzé,W), 


which proves the our assertion. It compete proof of the Theorem. 


4. CONTACT CR-WARPED PRODUCTS OF NEARLY COSYMPLECTIC MANIFOLDS 


The warped product manifolds are the generalized version of Riemannian product manifolds. 
The notion of warped product manifold defined as follows: 

Let (B,gi) and (F,g2) be two Riemannian manifolds and f, a positive differentiable 
function on B. The warped product of B and F is the Riemannian manifold B x F = 
(B x F,g), where g = 9, + f2g2. A warped product manifold M is said to be a trivial warped 
product if its warping function f is constant. A trivial warped product B x F is nothing but 
Riemannian product B x ¢ F where sF is the Riemannian manifold with Riemannian metric 
f?gr which is homothetic to the original metric gr of F. Bishop and O’Neill [7] also obtained 


the following lemma which provides some basic formulas on warped product manifolds 


Lemma 4.1. Let M = B xy F be a warped product manifold. If X,Y ¢€ T(TB) and 
Z,W €I(TF) then 
(i) VxY ET (TB), 
(ii) VxZ =VzX = (XInf)Z, 
(iii) VzW =VW — 9(Z,W)VInf, 
where V ln f is gradient of the function In f which is defined as g(V In f, X) = X In f, for any 


X €IT(TB). Moreover, V and V' are the Levi-Civitas connection on B and F, respectively. 


It follows from Lemma 4.1 that B is totally geodesic submanifold in M and F is totally 
umbilical submanifold in M. In this way, we investigate the characterization of non-trivial 
warped product submanifolds My x ¢ M, of nearly cosymplectic manifolds in terms of T’ and 


F’. In terms tensor fields we have following characterization results. 
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Theorem 4.1. [9] A CR-submanifold M of a Kaehler manifold M isa CR-product if and 


only if T is parallel, i.e., 
VT =0. 
Theorem 4.2. A proper contact CR-submanifold M of a Kaehler manifold M is locally 
CR-warped product if and only if T satisfies: 
(VuT)V = (TBUp)CU + g(CU, CV) IVu 


any U,V €1(TM), where C and B are the projections on D+ and D, respectively. 


In the proceeding these study, we derive the following results which are very important for 


proving the characterization theorem. 


Lemma 4.2. Let M = Mr xz M, be a contact CR-warped product submanifold of a nearly 
cosymplectic manifold M. Then 
(i) (VxT)Z =0, (ii) (VzT)X = (TXInf)Z, 
(iii) (VeT)X =TVxE, (iv) (VuT)E = -TV aus, 
(v) (VuT)Z = g(CU, Z)TV nf. 
for all X €V(TMr), ZEV(TM,) andU ET (TM). 


Proof. First part directly follows from (2.11), Lemma ii) and using the fact that 
TZ=0, VZ€EIT(TM,). For the second part, we find 


(VzT)X =VgTX —TVzX 

=(TXinf)Z —(XInf)TZ 

=(TXInf)Z, 
which is (ii). Similarly, to prove (iii), we have 

(VuT)Z =VuTZ -TVZ. (4.31) 
Since TZ = 0, V Z ET (TM_) and using in (4.31), we obtain 
(VuT)Z = -T{VpuZ + VouZ + n(U)VeZ}. 

From Lemma|4.1{ii), we derive 


(VuT)Z = —(BU In f)TZ — TV ouZ — n(U)(Eln f)TZ. 
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Since €In f = 0, funded by [18], then using Lemma iii), it is easily obtain that 
(VuT)Z = -T{VoyZ — g(CU, Z)V in f} 
= g(CU, Z)TV Inf. 
Now, for any X,Y € T(TMr), then from and (2.20) (i), we get 
(VxT)Y + (VyT)X = 2th(X,Y). (4.32) 


By equation (2.11) and the fact that Mp is totally geodesic in M, it follows that (V xT)Y 
lies in My, thus left hand side in (4.32) completely lies in My. Therefore equating the 
tangential components along Mr in las equation, we get th(X,Y) = 0, which means that 


h(X,Y) €T(u). Then from (4.32), we find 
(VxT)Y + (VyT)X =0. (4.33) 
If, we set Y = € in (4.33), we simplifies 
(VxT)E+ (VeT)X =0 
(VeT)X = TV XE, 


which gives the third result of the lemma. It completes proof of lemma. 


First characterization theorem in terms of VT. 


Theorem 4.3. Let M be a contact CR-submanifold of a nearly cosymplectic manifold M with 
both invariant and anti-invariant distributions are integrable. Then M is locally a CR-warped 


product if and only if 
(VuT)U = (TBUA)CU + ||CU||?TVA, (4.34) 
or equivalently 
(VuT)V + (VyT)U = (TBVA)CU + (TBUA)CV + 2g(CU, CV)TV), (4.35) 


for eachU,V €T(TM) and d is aC™-function on M satisfying ZX = 0, for each Z €T(D+). 


Proof. Assume that M be a contact CR-warped product submanifold of a nearly 


cosymplectic manifold M. Then applying (3.21) in (VuT)U, we derive 


(VuT)U = (VuT)BU + (VuT)CU + n(U)(VuTIE. 
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Again applying (3.21) and using Lemma iv), we get 
(VuT)U =(VpeuT)BU + (VouT)BU + (VyT)CU 


+(U)(VeT)TU — n(U)TV ué. 


As Mr is totally geodesic in M, then the first term of right side in the above equation is zero 


by using (2.3) and from the Lemma [4.2( ii), (iii), (v), we arrive at 
(VuT)U = (TBUA)CU + ||CU||?TVA, 


where A = In f. Hence, we obtain desire result (4.34). Furthermore, the equation can 
be easily derive by replacing U by U+ V in (4.34). 

Conversely, suppose that M is a contact CR-submanifold of a nearly cosymplectic manifold 
M such that condition holds. Then choosing X,Y € [(D® < € >) and using the fact 
that CX = CY =O in (4.35), we get the following condition, i.e., 


(VxT)Y + (VyT)X =0. (4.36) 
Thus, from (2.20) (i), for nearly cosymplectic M, 


PxY +PyX =0; (4.37) 


From (4.36), and (2.17), we can easily obtain the condition th(X,Y) = 0, which 
is implies that h(X,Y) € w for all X,Y € T'(D@ < € >). Then using the integrability 
of D® < € > and Theorem [3.1] which indicate that g(VxY,Z) = 0, for all Z € I'(D+). 
This proves that D® < € > is parallel and each of its leaves Mr is totally geodesic in M. 


Furthermore, using the fact BZ = BW = 0, we get 
(VzT)W + (VwT)Z = 29(Z,W)TVA, (4.38) 
for any Z,W €T(D+). From (2.11), we have 
(VzT)W + (VwT)Z = ApzW + ApwZ + 2th(Z, W). (4.39) 
Thus by and (4.39), it follows that 
ApzW + ApwZ + 2th(Z, W) = 29(Z,W)PV). (4.40) 
Taking the inner product in with X € [(D@ < € >), we obtain 


g(ArzW, X) + g(ArwZ, X) + 2g(th(Z,W), X) = 29(Z,W)g(TV), X). (4.41) 
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The second term of right hand side in (4.41) is zero from (3.23) (iii), that is 
g(h(X,W), PZ) + g(h(X, Z), pW) = 2g(Z,W)g(TVA, X). (4.42) 


From the hypothesis of theorem that we assumed the totally real distribution is integrable. 


Then necessary and sufficient condition for integrability of D+ from the Theorem and 
using (4.42), it follows that 
IV 2W, eX) = 9(Z,W)g(TVA, X) 
= —9(Z,W)g(VA, pX). (4.43) 
As D+ is assumed to be integrable, then the second fundamental form of the immersion of 


M, (leafofD+) into M is denoted by h+. Hence, in point view Gauss formula (2.4) in (4.43), 


Le., 
g(h(Z,W), eX) = —g(Z,W)9(V, 9X), 
which is implies that 
h+(Z,W) = —9(Z, W)V>. 


It means that M_ is totally umbilical in M with mean curvature vector H+ = —V.. Now 
we can easily prove that H+ is parallel corresponding to the normal connection V’ of M, 
in M, i., Z(A) = 0 for all Z € T(D+) and VyVA € I'(D@ < € >). Hence, the leaves of 
D+ are extrinsic spheres in M. From result of [I], we conclude that M is a warped product 


submanifold. The proof is done. 


Lemma 4.3. Let M = Mr x7 M, be a contact CR-warped product submanifold of a nearly 
cosymplectic manifold M. Then 
(i) g((VxF)Y, pW) =0, (ii) g((VxF)Z, pW) =0, 
(ili) g(VzF)X, pW) =—(XIn f)g(Z,W), (iv) g((VeF)Z, pW) = 0, 
(v) 9((VzF)W', pW) = 9(QzW', oW), 


for any X,Y €1(TMr) and Z,W,W’ €T(TM,). 


Proof. Let M be a contact CR-warped product submanifold of a nearly cosymplectic 
manifold MW , then, 
g((VxF)Y, pW) = 9(-FVxY, pW) 


=—g(VxY,W). 
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As Mr is totally geodesic in M, then from the above equation, we get (i). To the other parts, 
from (2.18), it is easily seen that 


((VxF)Z,~W) = g((QxZ + fh(X, Z), pW). (4.44) 


Using nearly cosymplectic manifold (2.3), and the property (v),(vii) of (2.19) in equation 
(4.44), we obtain 


((VxF)Z, pW) = 9(pX,PzW). 
Then integrability Theorem of the distribution D+, gives 
((VxF)Z, pW) = 2n(X)g(VzE, W) = 2n(X)(Eln f)9(Z, W), 
which is the result (ii) of lemma. Again, for any X € T(TMr) and Z € T(TM_), we obtain 
((V2F)X, pW) = —9( FVzX, pW). 
From Lemma|4.1{(ii), we obtain (iii) as follows 
g((VzF)X, pW) = —(X In f)g(Z, W). 
Now to prove (v), from (2.18), we find that 
g((VzF)W', pW) = g(QzW’, pW). 
Similarly, we obtain 
I((VeP)Z, pW) = g(QcZ + fh(E, Z),eW) 
= 9(QeZ, pW). 
Using the property (2.19) (vi), we can derive 
g((VeF)Z, pW) = 9( vf, P2W) 
g((VeF)Z, pW) = 0, 


which is the last result. It completes proof of the lemma. 


Similarly, the second characterization theorem in terms of VF. 


Theorem 4.4. Assume that M be a contact CR-submanifold in a nearly cosymplectic man- 
ifold M with anti-invariant and invariant distributions are integrable. Then the M is locally 


a CR-warped product if only if 


g((VuF)U, pW) = —(BU2)g(CU, W) (4.45) 
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or equivalently 

g((VuF)V + (Vv F)U, pW) = -(BUd)9(CV, W) — (BV A)g(CU, W) (4.46) 
for each U,V €T(TM) and X is aC®-function on M satisfying ZX = 0 for each Z €T(D*+). 
Proof. Let M be a contact CR-warped product submanifold in a nearly cosymplectic 
manifold M. The property 3.21) gives 

g((Vu FV, pW) =9((V eu F)BV, pW) + 9((VouF)BV, pW) 

+(U)9((VeF)BV, pW) + g((VauF)CV, pW) 


+9((VouF)CV, pW) + n(U)g((VeF)CV, pW) 


+(V)g((VuF)E, pW). 
Using Lemma|[4.3] we obtain 

9((VuF)V, pW) = 9(QcuCV, pW) — (BVA)g(CU, W). (4.47) 
By the polarization identity, we get 

9((VvF)U, pW) = g(QcvCU, pW) — (BUp)g(CV, W). (4.48) 


From (4.47), and (2.20) (ii), we get required result or in particular, if we replace 
V=Uin and using the property of nearly cosymplectic structure, i.e., OyU = 0, we 
get first desired result of the theorem. 

Conversely, let us consider that M be a CR-submanifold of a nearly cosymplectic manifold 
M with the condition holds. Then using the fact that CX = CY = 0, in (4.46), 


simplification gives 
a((VxF)¥ + (Vy F)X,W) =0, 
for each X,Y € T(D& < € >). Thus, from the relations and (2.20) (ii), we derive 
29(fA(X,Y), pW) — g( A(X, TY) + ALY, TX), pw) = 0. 


From the hypothesis of theorem, i.e., the distribution (D® < € >) is integrable, then from 
the Theorem [3.1] gives g(VxY,W) = 0, for all W ¢ I(D+) which is implies that VxY € 
(Dé < € >). It means that the invariant distribution (D® < € >) is a totally geodesic in 


M, i.e., the leaves of (D® < € >) in M are totally geodesic. Similarly, other part, we have 


G((VxF)Z + (VzF)X, pW) = -(XA)g(Z,W), 
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for any Z €T(D+), X €T(D® < € > and from (4.46). Then relations (2.12) and (2.18), we 


derive 
g(QxZ, pW) — g( FVzX,~W) = -(XA)g(Z, W). 


On the other hand, the anti-invariant distribution D+ is integrable by hypothesis of the 
theorem. Thus first term of left hand side identicaly zero by the Theorem then the 


above equation takes the form 


Let M, denote the leaves of D+. If h’ denotes the second fundamental form of the immersion 


of M, into M, then by the Gauss formula (2.4), we can write as 
g(h'(Z,W), X) = —9(Z,W)g(VA, X), 
which means that 
h'(Z,W) = —g(Z, W)VX. 


It implies that MM, is totally umbilical in M with mean curvature vector H = —ViA. Now 
we shall prove that H is parallel corresponding to the normal connection D of M, in M. In 
similar way of the Theorem 4.3} this means that the leaves of D+ are extrinsic spheres in M. 


Then by result of [11], / is locally a warped product. It completes proof the theorem. 
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SOME REMARKS ON THE GENERALIZED MYERS THEOREMS 


YASEMIN SOYLU 


ABSTRACT. In this paper, firstly, we prove a generalization of Ambrose (or Myers) theorem 
for the Bakry-Emery Ricci tensor. Later, we improve the diameter estimate obtained by 
Galloway for complete Riemannian manifolds. To obtain these results, we utilize the Riccati 


inequality and the index form of a minimizing unit speed geodesic segment, respectively. 


1. INTRODUCTION 


Let (M,g) be a complete Riemannian manifold of dimension n > 2 and let f be a smooth 


function on M. By the Bakry-Emery Ricci tensor we mean 
Ricy := Ric + Hessf, (1.1) 


where Ric and Hessf are the Ricci tensor and the Hessian of f, respectively [2]. 
When f is a constant function, the Bakry-Emery Ricci tensor becomes the original Ricci 
tensor. We recall Ambrose’s result [1], which gives an important generalization of the Myers 


compactness theorem for the original Ricci tensor as another variant. 


Theorem 1.1. If there exists a point p € M such that the condition 


a Ric(7’(t), ¥ (t))dt = co (1.2) 
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holds along every geodesic y(t) emanating from p € M, then manifold is compact. 


In [19], Zhang proved the Ambrose’s compactness theorem for the Bakry-Emery Ricci 


tensor given in (1-1). 


Theorem 1.2. If there exists a point p € M such that every geodesic y(t) emanating 


from p satisfies 


I Ric (7 (£), 7 (£))dt = 00, (1.3) 


and f(x) < C(d(a,p) +1) for some constant C, where d(x,p) is the distance from p to zx, 


then M is compact. 


Another generalization has been considered by Cavalcante-Oliveira-Santos in 3, where 
the condition on f given in Theorem [1.2] is replaced with a condition on the derivation of f 


as follows: 


Theorem 1.3. [3 Suppose that there exists a point p in a complete manifold M such that 


every geodesic y(t) emanating from p satisfies 
Ric/(-/ (t),7/(E))dt = 00, (1.4) 
0 
and cs <0. Then M is compact. 


The proofs of the above theorems are based on the Riccati inequality and a careful analysis 
of this inequality being different from calculus of variations. Moreover, these theorems do 
not require that the original Ricci tensor and the Bakry-Emery Ricci tensor be everywhere 
non-negative. However, these results cannot give an upper bound for the diameter of a 
manifold. 

Our first aim is to improve condition on the function f under the same Ricy assumption 
as in the Theorem [1.3] 

On the other hand, Galloway (6) proved a perturbed version of Myers compactness theorem 


by the derivative in the radial direction of some bounded function as follows: 


Theorem 1.4 (Galloway). Let M be a complete Riemannian manifold and y be a geodesic 


joining two points of M. Suppose that 


Ric(9/(0),./(0) 2 a+ 2 (1.5) 
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holds along y for some constant a > 0, and | ¢ |< c for some constant c > 0. Then M is 


compact and 


diam(M) < “(c + /c? + a(n —1)). (1.6) 


Our second aim is to show that there is a sharper diameter estimate than Galloway’s 


diameter estimate (1.6). 


We are now ready to give our main theorems. 


Theorem 1.5. Let (M,g) be a complete Riemannian manifold of dimension n > 2. Suppose 


there exists a point p € M such that every geodesic y(t) emanating from p satisfies 


I Ric/(-/ (1), (E))dt = 00, (1.7) 


and f'(t) < ;(1—+4) for allt > 1, then manifold is compact. 


In the above theorem, we provide that the condition f’(t) < 0 given in Theorem [1.3] for 


t = 1. In order to prove Theorem[I.5} we use the Riccati inequality. 


Theorem 1.6. Let (M,g) be a complete Riemannian manifold and y be a geodesic joining 
two points of M. Suppose that 


Rie(1/(t),7() a+ 2 (1.8) 


holds along y for some constant a > 0, and | ¢ |< c for some constant c > 0. Then M is 


compact and 


diam(M) < ~ (2c + \/4c2 + a(n In). (1.9) 


The diameter estimate (1.9) above is sharper than (1.6) by Galloway. In order to prove 
above theorem, we use the index form of a minimizing unit speed geodesic segment. For 


basic facts about this topic, we refer the reader to the book (3)[14)). 


Remark 1.1. There exists many varied examples of compactness theorems involving the 
original Ricci tensor and modified Ricci tensors; see for instance AAA Hi a[75 ; 


2. PROOFS OF THE ‘THEOREMS 


Before stating our main results, we recall the definitions of gradient, Hessian and Laplacian 
of any smooth function f € C°(M) on a Riemannian manifold. The gradient, Hessian and 


Laplacian are defined by 


a(Vi,V) =V(F), (Hess(f)) (V, W)= 9(VvVf,W) and Af = tr(VVf) (2.10) 
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for all vector fields V, W, respectively. The Riemannian curvature tensor is defined as 
R(V,W)Z = VvVwZ -VwVvZ -Vivww)Z, (2.11) 
and the Ricci curvature as 


Ric(V, W) = date (E;, V)W, E;) (2.12) 


for all vector fields V,W,Z, where {£;}"_, is an orthonormal frame of (M,g) Riemannian 


manifold. 


Proof of Theorem [1.5] We assume that M is a non-compact Riemannian manifold and 
let y(t) be an unit speed ray starting from p. For every t > 0, m(t) denotes the Laplacian 
of distance function from a fixed point p € M. We know from some calculations with the 


Bochner formula that this gives the following Riccati inequality 


1 


m'(t) 4 — 7m (t) + Ric(y'(t), y(t) < 0. (2.13) 


We consider a smooth function F(t) defined by 

P(t) = mit) + C(t) (2.14) 
for all t > 0, where ¢ € C®(M). The derivation of F(t) gets 

F'(t) =m'(t) + C(t). (2.15) 
Combining and (2.15), we obtain 


F(t) = C(t) + —sm(t) + Rie(!(0),7/() <0. (2.16) 


m(t) = F(t) —¢(), (2.17) 


by (2.14). Substituting (2.17) into (2.16), we obtain 


1 


F(t) - 0+ (FO C(t)? + Rie(7/(t),7() <0. (2.18) 


1 2 


Using the essential inequality (x + y)? > aan = 1y? holding for all real numbers x, y and 


positive real number a, we get 


CW: (2.19) 


(F(t) — ¢(t))” > 
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Substituting (2.19) into (2.18) and taking a = 1 > 0, we have 


1 


Ric(7'(4), ¥'(t)) < —F’(t) + C'(#) —FX(t) + C7(4). (2.20) 


If we add (Hessf)(7‘(t), 7/(¢)) to the both sides of inequality (2.20), we have 


Rics(7'(#), 7'(t)) S$ —F') + C4) ~ F(t) + C(t) + (Hess f)(7/(t), 7/0). (2.21) 


Integrating both sides of the inequality (2.21) from 1 to t, we obtain 


t 
1 


[ Ries). as < F(t) + F(1) [ —Pr(s)ds+f (cls) +2(s))ds— (2.22) 


+ 9(VF,7)() - 9(VF,Y)(). 


Therefore, under the assumption 


[> Ricro'@,1 oat =o (2.23) 
given in Theorem|1.5| we have 
ty t 
Jim —F(t) — | — F*(s)ds +f (<(s) - (?(s) ds + f(t) = 00, (2.24) 
where f’ = + f(y(t)) = 9(Vf,7). Here, multiplying by 1/n on both sides then yields 
1 FFA 2 tL fy, 1 
jim -—F() | (=F (s)) ds + a (<¢ (s) + (?(s) )ds + —fi(t) = 0. (2.25) 


Because of (2.24), given C > 1 there exists t; > 1 such that 


~F(t) [ (—F(s)) ds +f (<(s) 4: ?(s) ds + “7'(t) >C (2.26) 


for all t > fy. 
On the other hand, under the assumption f’(t) < ;(1— 4) of Theorem|1.5} if the function 


¢ is taken to be ¢(t) = om then we get the following inequality 


1 
n 


F(t) a (<F(s)) as >C (2.27) 


for all t > fy. 


Let us now consider an increasing sequence {t,¢} defined by 


tes1 =te+ C4, for £>1, (2.28) 


such that {te} converges to T := t; + a4 as £— 00. 


We claim the fact that —F(t) > nC* for all t > te: To prove the claim, we use induction 


argument. It is trivial from inequality (2.27) for @= 1. By induction, we get the claim for 2. 
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Then we must prove that —F(t) > nC! for all t > te41. By means of the inequality (2.27), 


we obtain 
1 ft 
—F(t) > no+= | F?(s)ds 
my 
1 si i 
= -{ F?(s)\ds+— | F?(s)ds 
MSY D Jt, 
Uf? x 
> — | F*(s)ds 
n te 
> nC'G=—%) 
> nO (te. —t2) = no". (2.29) 
This proves the above claim. 
From hence, we have 
lim —F (te) = —F(T) > lim nC*. (2.30) 
loo l-00 


However, this result contradicts with the smoothness of F(t). Namely, lim;_,7-—F'(t) 


= oo. This completes the proof of Theorem|1.5 a 


On the other hand, under the same assumptions given in the Theorem |1.4} we see that, 


the above diameter estimate given by (1.6) can be improved as follows: 


Proof of Theorem|1.6, Let p,q € M be two distinct point and y a minimizing unit speed 
geodesic segment from p to q of length @ > 0. Let {E, = 9’, F2,...,En} be a parallel 
orthonormal frame along y and let h € C%*°((0, ¢]) be a real-valued smooth function such that 


h(0) = h(£) =0. Then, from the index form of y, we have 


n e 
SC (hBi, hE) = / ((n iS h*Ric(',7/)) at. (2.31) 
i=2 ° 
Using the assumption (1.8) given in Theorem [1.6] in the integral expression (2.31), we get 
: : 2 ane 2d? 
Sl U(hEi,hEi) < [ ((n 1h? — ah? —h at. (2.32) 
i=2 0 


In the inequality (2.32), the term —h? equals to 


dp d 
dt dt 


ie (nh?) + 2hh’¢. (2.33) 
Integrating both sides of (2.33), we get 


£ dd £ L £ 
/ wat =2 f hh' godt < 2 | |nn'o|dt < 2c | |hh' |dt. (2.34) 
0 dt 0 0 0 
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Thus, under the choice h(t) = sin(4), we have 
: 1 
So U(hEj, hE) SS [(n — 1)m? — al? + 4cf] . (2.35) 
1=2 


Since y is a minimal geodesic, we must take 


al? — 4ck — (n—1)n? <0. (2.36) 
This inequality gives 
1 
e< (20 1/42 + a(n Ir). (2.37) 
a 
This completes the proof of Theorem a 
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ON GENERALIZED SASAKIAN SPACE FORMS WITH CONCIRCULAR 
AND PROJECTIVE CURVATURE TENSOR 


GURUPADAVVA INGALAHALLI* AND C.S. BAGEWADI 


ABSTRACT. In this paper we study the Concircular pseudosymmetric, C(é,X) -R=0, 
C-Q=0, Q-C =0, Projective pseudosymmetric, P(é,X)-R=0, P-Q=0andQ-P=0 


in generalized Sasakian space forms. 


1. INTRODUCTION 


Alegre P, Blair DE, Carriazo A. introduced and studied the concept of generalized 
Sasakian space forms. An almost contact metric manifold (/,¢,£,7,g) is said to be a 


generalized Sasakian space form if there exist differentiable functions f/f, fo, fg such that 


curvature tensor R of M is given by 


R(X,Y)Z = fitg(V ZX — G(X, Z)Y} 


+ fo{g(X, dZ)dY — g(¥, 6Z)bX + 29(X, oY) OZ} 
+ fs{n(X)m(Z)¥ — nV )n(Z)X + G(X, Z)nV)E — g(V, Z)n( XE}, 
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for any vector fields X, Y, Z on M. Throughout the paper we denote generalized Sasakian 
space form as M(f1, fo, fg), which appears as a natural generalization of the Sasakian space 
form M(c), which can be obtained as a particular case of generalized Sasakian space form 
by taking f; = a3 fo= ot and fs; = ot where c denotes constant ¢-sectional curvature. 
The notion of generalized Sasakian space forms have been weakened by many geometers such 
as za {9} with different curvature tensors. 

A Riemannian manifold is called locally symmetric if VR = 0, where F is the Riemannian 
curvature tensor of (/,g). As a proper generalization of locally symmetric manifold, the 
notion of semi-symmetric manifold was defined by (R(X, Y)-R)(U,V)W = 0. 

For a (0,é)-tensor field T on M,k > 1, and a symmetric (0,2)-tensor field g on M, we 
define the tensor fields R-T and Q(g,T) by 


(R-T)(Xq,...,XE; X,Y) = -T( R(X, Y)Xq, Xo,..., XE) —--- — T(X1,... Xp-1, R(X, Y) Xz) 
and 
OG. WM igaseg MAY l= EA Ng YM aia A) ee HT A a Ag YA 


Where X A, Y is the endomorphism given by 
(X Ag Y)Z = gl¥,Z)X — 9(X, ZY. (1.1) 
A Riemannian manifold M is said to be pseudosymmetric if 
R- R=LRQ(g, R) (1.2) 


holds on Up = {a € M|R aay # 0 at x}, where G is the (0,4)-tensor defined by 


G(X1, Xo, X3,X4) = g((X1 A X2)X3, X4) and Lr is some smooth function on M. A Rie- 


mannian manifold M is said to be Concircular pseudosymmetric if 
R-C=LeQ(g,C) (1.3) 


holds on the set Us = {x € M : C 0} at x, where Le is some function on Us and 
C is the Concircular curvature tensor. It is known that every pseudosymmetric manifold 
is Concircular pseudosymmertic, but the converse is not true. If Lg = 0 on Ua, then a 
Concircular pseudosymmetric manifold is Concircular semisymmetric. But Le need not be 
zero, in general and hence there exists Concircular pseudosymmetric manifolds which are not 
Concircular semisymmetric. Thus the class of Concircular pseudosymmetric manifolds is a 


natural extension of the class of Concircular semisymmetric manifolds. 
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Motivated by the above work in this paper we study the Concircular pseudosymmetric, 
C(é,X)-R=0,C-Q=0, Q-C =0, Projective pseudosymmetric, P(é,X)-R = 0, P-Q=0 


and Q - P = 0 in generalized Sasakian space forms. 


2. PRELIMINARIES 


An n-dimensional Riemannian manifold M is called an almost contact metric manifold 


[7| if there exist a (1,1) tensor field ¢, a vector field € and a 1-form 7 such that 


PX = -—X+n(X)E, n(E)=1, G€ =0, (6X) =0, (2.4) 
g(PX, bY) = g(fX,Y)—n(X)n(Y), g9(X,€) = n(X), (2.5) 
g(oX,Y) = —g(X, oY). (2.6) 


For an n-dimensional generalized Sasakian space form [I], we have 


R(X,Y)Z = fitg(¥ ZX — G(X, Z)V} + fotg(X, 62) 6Y — g(¥, 62) 6X 

+ 29(X, bY)O2} + fatn(X)m(Z)Y — nV) Z)X + g(X, Z)n(Vé 
— GV, Z)n(X)§}, (2.7) 
S(X,Y) = [m-Dfi+8fo— fslg( X,Y) + [-38f2—-(n— 2) fsln(X)nY), (2.8) 
r = (n—1){nfy + 3fo— 2f3}. (2.9) 

From and (2.8), we get 

MR(X,Y)Z) = (fi- fs){g(V, Z)n(X) — 9X, Z)n(V)}, (2.10) 
R(X,Y)E = (fi — fa){n(V)X — n(X)Y}, (2.11) 
RIEX)Y = (fi- fa){o(X, YE — nV) X}, (2.12) 
S(X,€) = (n—I)(fi — fs)n(X), (2.18) 


where R is the Riemannian curvature tensor, S is the Ricci tensor and r is the Scalar 


curvature. 


3. Concircular Pseudosymmetric Generalized Sasakian Space Forms 


This section deals with the study of Concircular pseudosymmetric generalized Sasakian 
space forms. A transformation of an n-dimensional Riemannian manifold M, which trans- 
forms every geodesic circle of M into a geodesic circle is called a concircular transformation 


({13], [21]). A concircular transformation is always a conformal transformation ({13]). Here 
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geodesic circle means a curve in M whose first curvature is constant and whose second cur- 
vature is identically zero. Thus the geometry of concircular transformations, that is, the 
concircular geometry is a generalization of inversive geometry in the sense that the change of 
metric is more general than that induced by a circle preserving diffeomorphism. The inter- 
esting invariant of a concircular transformation is the concircular curvature tensor C’, which 
is defined by ([21]) 


r 


C(X,Y)Z = R(XY)Z— ay 


[g(Y, Z)X — g(X, Z)Y], (3.14) 


where R is the curvature tensor and r is the scalar curvature of the manifold. 
Let M (fi, fo, fg) be an n-dimensional Concircular pseudosymmetric generalized Sasakian 


space form. Then from (1-3), we have 
(REY) -C)U,V)W = Lel(EAY)-CU,V)W]. (3.15) 


By (3.15), we get 
R(E,Y)C(U, V)W — C(R(E, Y)U, V)W — C(U, R(E,Y)V)W — C(U, V)R(E, Y)W 
= Lal(E NY)C(U,V)W — C((EAY)U,V)W — CU, (EAY)V)W 


—C(U,V)(EAY)W). (3.16) 
By using the expression in (8.16), we have 
(Le — (hi — fs) 9% CU, VW) — (CU, VW) — g¥, UT) CE, V)W 
+(U)C(Y, VW — g(¥, V)CU,E)W + (VC, YW 
—~g(Y, W)C(U, VE + n(W)CU, V)Y] = 0. (3.17) 
By taking the inner product with € in (3.17), we obtain 
(Le — (fi — fag CU, VW) — (CU, V)W)n(¥) — 9(¥,U)n(CE,V)W) 
+nU)n(C(¥,V)W) — 9¥,V)n(C(U, QW) + n(V)n(C(U, YW) 
—9(¥, W)n(CU, VE) + n(W)n(CU, V)Y)] = 0. (3.18) 
By (3.18), we get either L= = (f1 — fs) or 
[9(¥, CU, V)W) — (CU, VW) n(¥) — (YU) (CE, VW) 
+n(U)n(C(¥, VW) — 9(¥, V)n(CU, EW) + (V)n(CU, Y)W) 


—9(¥,W)n(CU, V)E) + n(W)n(C(U, V)Y)] = 0. (3.19) 
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Let {e1, €2,..-,€n} is an orthonormal basis of the tangent space at each point of the manifold. 


Putting U = Y = e; in (3.19) and taking summation over i,(1 < i < n) and by virtue of 


(3.14), we have 
S(V,W) = (n—1)(fi — fa)g(V, W). (3.20) 
On contracting (3.20), we get 
r=n(n—1)(fi — fs). (3.21) 
Therefore, M(f1, fo, fz) is an Einstein manifold. Hence we state the following theorem. 


Theorem 3.1. Let M(/fi, fo, fs) be an n-dimensional generalized Sasakian space form. If 
M (fi, fo, fz) 1s Concircular pseudosymmetric then M(fi, fo, fg) is an Einstein manifold or 
Le = (fi — fs) holds on M(fi, fa, fs). 


Now, by using in then we get 
n(C(X,Y)Z) =0 (3.22) 
and 
n(C(é,Y)Z) =0. (3.23) 
By virtue of and in (3.19), we obtain 
g(Y, C(U, V)W) = C(U,V,W,Y) =0. (3.24) 
This implies that M(f1, fo, fg) is Concircularly flat. Hence we conclude the following theorem. 


Theorem 3.2. Let M(fi, fo, fg) be an n-dimensional generalized Sasakian-space form. If 
M (fi, fo, fz) 1s Concircular pseudosymmetric then M(fi, fo, fg) is either Concircularly flat 
or Le = (fi — fz) holds on M(fu, fa, fs). 


If we assume that M(/f1, f2, f3) is not Concircularly semi symmtric, a Concircular pseu- 
dosymmetric generalized Sasakian space form. Then we get R- C = (fi — fs)Q(g, C), which 


implies that the pseudosymmetry function L~ = (fi — fs). Therefore we have the following: 


Corollary 3.1. Every generalized Sasakian space form M(f1, fo, fg) is Concircular pseu- 


dosymmetric of the form R-C = (fi — f3)Q(g,C). 
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4. Generalized Sasakian space form satisfying C(é, A)-R=0 


In this section we study generalized Sasakian space form satisfying C(€,X)-R = 0. Let 
M (fi, fo, fz) be an n-dimensional generalized Sasakian space form satisfying Cc (€,X)-R=0. 


Then, we have 


(C(é,X)-R)\(U,V)W = C(é,X)R(U,V)W — R(C(E, X)U, V)W 


— R(U,C(E,X)V)W — R(U,V)C(E,X)W =0. — (4.25) 


Putting W = € in (4.25) and by virtue of (2.11), we obtain 


(fi — fa)n(C(E, X)U)V — (fi — fa)n(C(E, X)V)U 


[(f1 — fs) 


an MAIR. VIE — RULV)X} = 0. (4.26) 


Let {e1, €2,...,€n} is an orthonormal basis of the tangent space at each point of the manifold 


and taking inner product with e; in and on simplification, we get 
S(X,V) =(n—I)(fi — fa)g(X, V). (4.27) 
On Contracting (4.27), we have 
r=n(n—1)(fi — fs). (4.28) 


Conversely, if f; = f3 then from and (3.14) trivially we get C(€é,X)-R = 0. If 
S(X,V) = (n— 1)(fi — fs)g(X,V) with scalar curvature r = n(n — 1)(f1 — f3), we obtain 
C(é,X)-R = 0. And then comparing r with we have 3f2 + (n — 2) fs = 0. Hence we 


conclude the following theorem. 


Theorem 4.1. An n-dimensional generalized Sasakian space form M satisfying the condition 
C(é,X)-R=0 if and only if either f, = fz or the manifold is an Einstein manifold with 


scalar curvature r = n(n — 1)(fi — fs). 


Remark 4.1. In [4], author obtained necessary and sufficient condition for a generalized 
Sasakian space form M?"*1 satisfying C(€,X)-R=0 if and only if the functions fz and fs 


either satisfy the conditions (2n — 1) f3 + 3f2 =0 or it has the sectional curvature (f1 — fs). 
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5. Generalized Sasakian space form satisfying C -Q = 0 


In this section we study the generalized Sasakian space form satisfying C-Q = 0. Let 
M (fi, fo, fz) be an n-dimensional generalized Sasakian space form satisfying C-Q =0. Then, 


we have 


C(X,Y)QZ — Q(C(X, Y)Z) =0, (5.29) 
for all smooth vector fields X,Y and Z. Putting Y = € in (5.29), we have 
C(X, €)QZ — Q(C(X,£)Z) = 0. (5.30) 


By using (3.14) in (5.30) and on simplification, we obtain 


n(n — 1) 


G fr) | [(n— 1) (fa — fa)(Z)X — $(X, ZVE 
—n(Z)QX + (n— (fr —fa)g(X,Z)J=0. (5.31) 


Taking inner product with € in (5.31), we have 


fn fe) - | fin (hi = fao(X,Z) = 5%, 2)] = 0. (5.32) 
From (5.32), either [(f1 — fs) 50 = 0 or 
S(X, 2) = (nf ~ fa)o(X, 2). (5.38) 


Hence, we state the following theorem. 


Theorem 5.1. An n-dimensional generalized Sasakian space form M(f_, fo, fz) satisfies the 
curvature condition C-Q = 0, then the manifold is an Einstein manifold or the scalar 


curvature r = n(n — 1)(fi — fs). 


6. Generalized Sasakian space form satisfying Q-C =0 


In this section we study generalized Sasakian space form satisfying Q - C = 0. Let 
M (fi, fo, fs) be an n-dimensional generalized Sasakian space form satisfying Q - C= 0. 


Then, we have 
Q(C(X, Y)Z) — C(QX,Y)Z - C(X, QY)Z — C(X, Y)QZ =0, (6.34) 
for all smooth vector fields X,Y and Z. Putting Y = € in (6.34), we have 


Q(C(X, €)Z) — C(QX,6)Z — C(X, QE)Z — C(X, HQZ =0. (6.35) 
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By using (3.14) in (6.35) and on simplification, we obtain 


fi fe) - 2] psx 2\¢-2Kn— i= f'Z)X1=0. (6.8) 
Taking inner product with € in (6.36), we have 
fi) - 2] psx, 2) 200 1)(f = AynZ yD] =0. (637 
Putting Z = € in (6.37), then from either [(f1 — fs) — aq@my] = 9 oF 
S(X,8) = (2 Ui fs)n(%), (6.38) 


which implies 


QE = (n— 1)(fi — fs). (6.39) 
Hence, we state the following theorem. 
Theorem 6.1. An n-dimensional generalized Sasakian space form M(f1, fo, fg) satisfies the 
curvature condition Q.C = 0, then the Ricci operator of € of a generalized Sasakian space 
form is equal to (n — 1) times of (fi — f3)§ or the scalar curvature r = n(n — 1)(fi — fs). 
7. Projective Pseudosymmetric Generalized Sasakian Space Forms 


This section deals with the study of Projective pseudosymmetric generalized Sasakian 
space forms. The projective curvature tensor is an important concept of Riemannian ge- 
ometry, which one uses to calculate the basic geometric measurements on a manifold. The 
projective transformation on a manifold is a transformation under which geodesic transforms 


into geodesic. The projective curvature tensor is given by ({4]) 


P(X,Y)Z = R(X,Y)Z- qos DX = SOLA |. (7.40) 


Let M(f1, fo, fg) be an n-dimensional Projective pseudosymmetric generalized Sasakian 


space form. Then we have 
(R(é,Y)- P)(U,V)W = Lpl(€ AY)- P(U,V)W]. (7.41) 
By (7.41), we get 
R(E,Y)P(U,V)W — P(R(E,Y)U,V)W — P(U, R(E,Y)V)W — P(UU,V)R(E,Y)W 
= Lp[(EAY)P(U,V)W — P((EAY)U,V)W — PU, (EAY)V)W 


—P(U,V)(EAY)W)]. (7.42) 
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By using the expression (2.12) in (7.42), we have 


(Lp — (fi — fs) )l9(¥, PU, VW )E — n(P(UU,V)W)Y — g(¥,U) P(E, V)W 
+n(U)P(Y,V)W — g(¥,V)P(U,€)W + (V)P(U,Y)W 


—9Y,W)PU,V)E + n(W)PUU,V)Y] = 0. (7.43) 
By taking the inner product with € in (7.43), we obtain 
(Lp — (fi — fs) lg PU, VW) — n( PU, V)W)n(¥) — 9(¥, U)n(P(E, V)W) 


+n(U)n(P(Y,V)W) — o(¥, V)n(PU, EW) + nV )n(PU, Y)W) 
—9(Y,W)n(PUU,V)&) + n(W)n(PU,V)Y)] = 0. (7.44) 
By (7.44), we get either Lp = (fi — fs) or 
+n(U)n(P(Y,V)W) — o(¥, Vn PU, €)W) + nV )n(PU, YW) 
—9(Y,W)n(P(U,V)&) + n(W)n(PU,V)Y)] = 0. (7.45) 
Let {e1, €2,...,€n} is an orthonormal basis of the tangent space at each point of the manifold. 
Putting U = Y = e; in and taking summation over i,(1 < i < n) and by virtue of 


(7.40), we have 


r 


S(V,W) = (n—1)(fi — fa)9(V,W) =z 7 eft — fs)) (Vn). (7.46) 
On contracting (7.46), we get 
r=n(n—1)(fi — fs). (7.47) 
By using in (7.46), we obtain 
S(V,W) = (n—1)(fi — fa)9(V, W). (7.48) 


Therefore, M(f1, fo, fz) is an Einstein manifold. Hence, we state the following theorem. 


Theorem 7.1. Let M(fi, fo, fg) be an n-dimensional generalized Sasakian space form. If 
M (fi, fo, fz) is Projective pseudosymmetric then M(fi, fo, f3) 1s an Einstein manifold or 
Lp = (fi — fs) holds on M(fi, fo, fs). 
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Now, by using (2.10) and (7.48) in (7.40) then we get 


n(P(X,Y)Z) =0 (7.49) 
and 
nl PE Y)7)=0. (7.50) 
By virtue of and in (7.45), we obtain 
g(Y, P(U,V)W) = P(U,V,W,Y) =0. (7.51) 


This implies that M(f1, fo, fg) is Projectively flat. Hence, we conclude the following theorem. 


Theorem 7.2. Let M(fi, fo, f3) be an n-dimensional generalized Sasakian space form. If 
M (fi, fo, fz) 1s Projective pseudosymmetric then M(f1, fo, fg) is either Projectively flat or 
Lp = (fi = fs) holds on M(fi, fe, fs). 


If we assume that M(f1, fo, fz) is not Projectively semisymmtric, a Projective pseudosym- 
metric generalized Sasakian space form. Then we get R- P = (fi — f3)Q(g, P), which implies 


that the pseudosymmetry function Lp = (f; — f3). Therefore we have the following: 


Corollary 7.1. Every generalized Sasakian space form M(f1, fo, fz) is Projective pseudosym- 
metric of the form R- P = (fi — fs)Q(g, P). 


8. Generalized Sasakian space form satisfying P(€, X)-R =0 


In this section we study generalized Sasakian space form satisfying P(€,X)-R = 0. Let 
M (fi, fo, fz) be an n-dimensional generalized Sasakian-space form satisfying P(é, X)-R = 0. 


Then, we have 
P(é,X)R(U,V)W — R(P(é, X)U,V)W 
—R(U, P(E, X)V)W — R(U,V)P(é, X)W =0. (8.52) 
Putting W = € in and by virtue of (2.11), we obtain 
(fi — fa)n(P(E, X)U)V — (f1 — fa)n(P(E, X)V)U 
—(n— 2)(fi — fa)in(X)RU,V)E— RU, V)X} = 0. (8.53) 


Let {e1, €2,...,€n} is an orthonormal basis of the tangent space at each point of the manifold 


and taking inner product with e; in (8.53) and on simplification, we get 


S(X,V) = (n— 1)(fi — fa)9(X,V) + (n — 2)(fi — fa)n(X)n(V). (8.54) 
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Therefore, M(f1, fo, fz) is an n-Einstein manifold. Hence, we state the following theorem. 


Theorem 8.1. An n-dimensional generalized Sasakian space form M(fi, fo, fs) satisfying 


the condition P(€,X)-R=0 is an n-Einstein manifold. 


9. Generalized Sasakian space form satisfying P-Q=0 


Let M (fi, f2, fg) be an n-dimensional generalized Sasakian space form satisfying P-Q = 0. 


Then, we have 
P(X,Y)QZ — Q(P(X,Y)Z) =0, (9.55) 


for all smooth vector fields X,Y and Z. Putting Y = € in (9.55), we have 


P(X, §)QZ — Q(P(X, €)Z) = 0. (9.56) 
By using (7.40), in and on simplification, we obtain 
G2) : lic ie ie Chm ete ad ae fs)2g(X,Z)E=0. (9.57) 


Taking inner product with € in (9.57), we have 
S°(X, Z) = 2(n—1)(fi — fs)S(X, Z) — (n— 1)? oft — f3)?9(X, 2). (9.58) 
Hence, we state the following theorem. 


Theorem 9.1. An n-dimensional generalized Sasakian space form satisfies the curvature 
condition P-Q = 0, then the square of the Ricci tensor S? is the linear combination of the 


Ricci tensor S and the metric tensor g. 


10. Generalized Sasakian space form satisfying Q- P = 0 


Let M (fi, f2, fg) be an n-dimensional generalized Sasakian space form satisfying Q:P = 0. 


Then, we have 
Q(P(X,Y)Z) — P(QX,Y)Z — P(X, QY)Z — P(X, Y)QZ =0, (10.59) 
for all smooth vector fields X,Y and Z. Putting Y = € in (10.59), we have 
Q(P(X, §)Z) — P(QX, £)4 — P(X, QE)Z — P(X, §)QZ = 0. (10.60) 
By virtue of in and on simplification, we obtain 
2(fi — fa)S(X, Z)E - 


2 
= 5% QZ)E =0. (10.61) 
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Taking inner product with € in (10.61), we have 


S(X, QZ) = (n— 1)(fi — fs)S(X, Z), (10.62) 

which implies 
9(Q?X, Z) = (n— (fi — fs) 9(QX, Z), (10.63) 
Let {e1, €2,€3,..-,€n} be a local orthonormal basis of the tangent space at a point of the 


manifold M. Then by putting X = Z = e; in (10.63) and taking summation over 7, we have 


trace(Q?) = (n — 1)(fi — f3)trace(Q). (10.64) 


Hence, we state the following theorem. 


Theorem 10.1. An n-dimensional generalized Sasakian space form satisfies the curvature 
condition Q. P = 0, then the trace of the square Ricci operator of a generalized Sasakian 


space form is equal to (n— 1)(fi — fs) times of trace of the Ricci operator. 
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EXISTENCE AND STABILITY FOR A LAME SYSTEM WITH TIME 
DELAY AND INFINITE MEMORY 


A. BENIANI, KH. ZENNIR*, A. BENAISSA, AND S. BOULAARES 


ABSTRACT. We pursue the investigation started in a recent paper and later con- 
cerning the wave equations with elasticity operator. We prove the existence of solutions for 
Lamé system in three-dimension bounded domain with time delay term by using semi-group 


theory. We also study the exponential stability of solutions by means of an appropriate Lya- 


punov functional. 


1. INTRODUCTION AND RELATED RESULTS 


Let us define the elasticity operator A,, which is the 3 x 3 matrix-valued differential 


operator by 
Acu = pAu+ (A+ 1)V(div u), w= (uy, ua, ug)? 


where p, A are the Lamé constants which satisfy 
> 0, 


A+ p> 0. (1.1) 


It is well known that for the case \+ = 0, A, = pA gives the Laplacian operator. 
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In this paper, we consider the following Lamé system with time delay term and infinite 


memory: 


+00 
u" (a, t) — Aeu(a, t) + [ h(s)Au(2,t—s)ds+ku'(2,t—7T)=0 inQxR*. (1.2) 
0 
Eq. (1.2) supplemented with initial and boundary conditions 


u(z,—t) = uo(2, 2), inQ, 


u'(x,0) = ui(2), in Q, 
(13) 


u'(xz,t—7) = fo(x,t—7), inQ x (0,7), 


u=0, on 02. x Rt. 


Here 2 is a bounded domain in R? with smooth boundary 02 and (uo, u1, fo) are given initial 


data. Let 


h(s) = 0  hy(s) 0 (1.4) 


where h; : R* > R® are given functions which represent the dissipative terms. 

The qualitative studies of viscoelastic wave equations/systems have been many studied by 
many mathematicians and many results have been obtained in the last few years (see [I], [2], 
[3], 4, (5), fd, (I, (£2). 

Without delay, a single viscoelastic wave equation was cosidered by in the following 


Cauchy problem: 


u” — A,u4 i g(t— s)Au(s,z)ds =0 in R" xR, (15) 


a(z,0) =up{z) uw (az, 0) = wz (z) on R”. 


For a not necessarily decreasing relaxation function, the authors obtained a polynomial decay 
rate of solutions for compactly supported initial data. In [7], the authors studied the following 


equation : 


t 
u” — Au+ | h(t — s)Au(s,x)ds + b(a)u' + |ulP-'u =0, Qx Rt. (1.6) 
0 
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Here b: 2. —> Rt? is a function, which may vanish on a part of the bounded domain 2. By 


assuming b(a) > bp on w C 2 and for two positive constants ¢; and ¢2 such that 
— h(t) < h(t) < —Coh(t) (1.7) 


under some geometry restrictions on w, the authors obtained an exponential decay result. 
In [5],the author established and extend the result in [6], under weaker conditions on both 
a and g, to a system where a source term is competing with the damping term. In order 
to compensate the lack of Poincare’s inequality in R” and for a wider class of relaxation 
functions, Zennir in used weighted spaces to establish a very general decay rate of 


solutions for viscoelastic wave equations of Kirchhoff-type in 
; t 
p(x) (u! |? 2a") — M(||Veull2)Acu +f h(t — s)A;u(s)ds = 0,2 € R",t > 0 (1.8) 
0 


where g,n > 2 and M is a positive C! function satisfying for s > 0,mo > 0,m, > 0,7 > 1, 


M(s) = mo +m s7 and the function g : Rt —> R? is of class C! is assumed to satisfy 
mo-g=l>0, g(0)=9.>0 (1.9) 
where g = {5° g(t)dt. In addition, there exists a positive function H € C1(Rt) such that 
g(t) + H(g(t)) <0,t>0, H(0)=0 (Lig) 


and H is linear or strictly increasing and strictly convex C? function on (0,r],1 > r. 
Bchatnia and Daoulatli [1] considered the case of the Lamé system in a three-dimensional 
bounded domain with local nonlinear damping and external force, and obtained several 
boundedness and stability estimates depending on the growth of the damping and the external 
forces. The control region considered in [1] satisfies the famous geometric optical condition 
(GOC). 

In Section 2, one of the main goal is to prove the global existence and uniqueness of solutions 


of (1.2)-(1.3). Section 3 is devoted to state and prove the main results of this work, that is, 


the stability of the system (1.2)- (1.3). 


2. WELL-POSEDNESS AND UNIQUENESS OF SOLUTION 


To prove the well-posedness and uniqueness of solutions of (1.2)-(1.3) using semi-group 


theory, we first consider the following hypothesis: 
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Al: The functions h; is integrable on R* and is such that 
+00 +00 
jb — | h;(s)ds > 0 and co > aj = | hi(sjds > 0 4 = 1, 2,3. (2.11) 
0 0 
A2: The function h is of class C1(IR*) and satisfies 
hi(s)<~yh(s) VsERt i =1,2,3. (2:12) 


for a positive constants 7;. 


Following a methods developed in [8], [13], we consider two new auxiliary variables 7 and z, 
such that 
n(t,s) = u(t) — u(t — s) Vt,s € Rt 


no(s) = (0, s) = u(0) — uo(s) Vs € Rt 


(2.13) 
z(t, p) = u(t — Tp) Vt € Rt, Vp € (0,1) 
z0(p) = z(0, e) = fo(—Tp) Vp €]0, 1| 
Then, we have 
m(t,s) + s(t, s) = u(t) Vt,se Rt 
(2.14) 
n(t,0) = 0 Vt € Rt 
and 
Ta(t, p) +zp(t,p) =0 Vte Rt, Vpe (0,1) 
(2.15) 
2(t,0) =wu'() Vite Rt 
By combining and (2.13), we obtain the following equation: 
+00 +00 
ul” — (uta - [ h(s)ds) Au — (A+ p)Vdiv u— j h(s)Ands + kz(t,1) =0inQ x Rt 
: ; (2.16) 
where 
1 0 0 
Id=|] 010 (2.07) 


0 0 1 
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Let the Hilbert spaces L7,(R*, (H¢(Q))?) defined by 
+00 
DL, (R* 3 (0)))) = {v = (v1, 02,03)? : Rt > (3), | h;(s)||Vuj(s)||2ds < too} 
0 


supplemented with the inner product 


3 


+00 
ww). = > f hi(s) [| Vos(s).Vuo(s)deds 


i=1 


for some w = (wy, w2, w3)? and 


1 
70,1, £7(@) = fv 10,16 £209), f o(o)IPap < +00} 
0 
endowed with the inner product 
1 
(v, w) 12(90,1[,L2(Q)) = [ [ vowtoyaeap. 
Next, we will rewrite the system (1.2)-(1.3) in the following related system: 


U,(t) = AU(t) Vt > 0, 


(2.18) 
Uu(0) =U, 
where U = (u, Ut", ee Uo = (uo, U1; 10; zo)" er 
H = Hy(Q) x (L*(Q)) x Lg(R*, Hg(Q)) x L°(J0, 1, L7(Q)). 
The operator A is linear and given by 
0 1 0 0 
A.—( [T° hr(s)\ds) A 0 [*°h(s)Ads  — 
_ ( Jo" h(s)ds) Jor h(s) y bans 
0 1 —0,; 0 
0 0 0 —14, 


The domain D(A) of A is given by 
D(A) = {W = (wy, wo, w3, wa)? EH, AW € H,ws3(0) = 0 and w4(0) = wy} : 
The well-posedness and uniqueness of the problem (2.18) is given in. 


Theorem 2.1. Let the assumption (A1) and (A2) hold. Then, the system (2.18) has a 


unique weak solution for any Uj © H, such that 


Ue C(Rt,H). 
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IfU € D(A), then the solution of (2.18) satisfies (classical solution) 
U € C'(R*,H) NC(R™, D(A)). 


Proof. We prove that A: D(A) > H is a maximal monotone operator; that is, A 
is dissipative and Id — A is surjective. Indeed, a simple calculation implies that, for any 


V= (v1, v2, U3, U4)2 € D(A), 


(AV,V)y = pee (Avi — Fa hi(s)Avids = buy (1), uh) + (A + ps) (div v2, div v1) 


3 : i i __ Ov3 _ 1 Ova 
+ Dobie ai) Web, Vol) + (93 + 02,05) + ltl (E908) oo can 


< 43, fr al(s) fo [Voi 2dads < 0. 
(2.20) 


since g; nonincreasing. This implies that A is dissipative. On the other hand, we prove 
that Id — A is surjective. Indeed, let F = (fi, fo, f3, fa)’ € H we show that there exists 


V = (v1, v2, 03, v4)? € D(A) satisfying 


(Id—- A)V =F. (2.21) 
This is equivalent to 
v2 =u — fi, 
v3 + 938 = fgtu— fi, 
(2.22) 


10 
vat = So = fa, 


(Ac + (1+ |kI)Id)u + for h(s)Avgds = (1+ |kl) fi + fo — kva(1). 


Noting that the second equation in (2.22). with v3(0) = 0 admits a unique solution 


v3 = (ge" (f(y) + v1 — fr)dy)e* (2.23) 


Eq. (2.22)3 with v4(0) = v2 = v1 — f has a unique solution 


p 
U4 = (u — fit aa falu)e™dy) e'?. (2.24) 
0 


EXISTENCE AND STABILITY FOR A LAME SYSTEM 181 


By (2.23) and (2.24) the Eq(2.22)4 becomes 


(IAe + (1+ |kl) +e~7k)Id)u, = f, (2.25) 


f= - h(s)e* ([ e!dy) ds =1— [~ h(s)e *ds 


_ s s 1 
FH fet (tlh +e) fi— [ g(s)e~* ( [ e'A(faly) ~ flay) ieacke> [ faly)eTdy. 


where 


and 


We have just to prove that has a solution w; € H?(Q) H4(Q) and replace in (2.23), 
(2.24) and the first equation in to obtain V € D(A) satisfying (2.21). So we multiply 
by a test function v1 € (Hgj(Q))? and we integrate by parts, obtaining the following 
variational formulation of (2.25): 


a(v1, 91) = L(p1) Ver € (Hg (2))’, (2.26) 
where 
a(vi,91)= fo (vier + aia — a)Vu1.Vyei + (A+ p)div v1.div 1) dx 
(2.27) 
+ fo(1 + |Al) + e-7k)Id)v, .pida 
and 
L(gi) = Jo (1 + (1+ |kl +e-Tk) fi — rhe-™ fy faly)e™¥dy) yida 
(2.28) 
Piles tt h(s)e~$ as eV (f3(y) — fi)dy) ds.Vyide. 
It is clear that a is a bilinear and continuous form on (Hj(22))? x (H4(Q))%, and L is a linear 


and continuous form on (H¢(Q))?. On the other hand, (1.1) and (2.11) imply that there 


exists a positive constant ag such that 
a(v1,%1) > aollrillcaagays, Yer € (Ha (2))°, 


which implies that a is coercive. Therefore, using the Lax-Milgram Theorem, we conclude 
that has a unique solution v; € (Hj(Q))? . We then conclude that the solution vj of 
belongs into (H?(Q) N H4(Q))® and satisfies (2.25). Consequently, using and 
(2.24), we deduce that has a unique solution V € D(A), this ensured that Id — A 
is surjective. Eqs. (2.20) and inform us that —A is maximal monotone operator. By 
Lummer-Phillips theorem (see [14]), we deduce that A is an infinitesimal generator of a linear 


Co-semigroup on H. 
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3. STABILITY RESULTS 


We now define the classical energy of any weak solution u of (1.2)-(1.3) at time t as 


3 1 
1 k 
Bu) =5 | (du — a4)[Vusl? + (A+ p)|div ul? + He av ff Ato dode 
2 Vai 2 J0 
The modi fed energy functional of the weak solution wu is defined by 
1 

E(t) = E,(t) + govn, Vie Rt (3.29) 
where 

BY Rags 

hevee >| oils) f On ee Cee rere (3.30) 
j=1 40 Q 


The next theorem is our main stability result. 


Theorem 3.1. Assume that (A1), (A2) and (1.1) hold. Then there exists a positive constant 
69 independent of k such that, if 
|k| < do; 


then, for any Uo € H_, there exist a positive constants 6, and 62, such that the solution of 


(2.18) satisfies 


E(t) < dge** Vt E RF. (3.31) 


The proof of Theorem based on several Lemmas. The next Lemma means that our 


problem is dissipatif. 


Lemma 3.1. The functional satisfies, along the solution u of (1.2)-(1.3), 


1 
E'(t) < sho Vn+ al f |u’(t)|?dx, Vite Rt. (3.32) 
Q 
Proof. The multiplication of (1.2) by u’, integrating by parts over Q, we get easily 


(3.32). 


In order to introduce an appropriate Lyapunov functional, we introduce the estimates. 


Lemma 3.2. The functional 
p(t) = | uu'dz, Wte Rt (3.33) 
Q 


satisfies for any € > 0 


P(t) <  foluPdx — Di, (u—e€ — a4) fo VuiPdex 
(3.34) 
—(A+ p) fo |div ul?da — k fo z(t, 1).uda + Lho Vn. 
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Proof. By differentiating (3.33) and using , and , we obtain 
W(t) = falufPar —T2. (4 a4) fo Wuil?de — (+ 1) fo laiv ale 
(3.35) 
+k] fo z(t, 1).uda — 2 ae hi(s) Jo Vui.Vndads. 


By using Cauchy-Schwarz and Young’s inequalities for the last term of (3.35), we obtain 


»  A(s) fo Vu-Vndads < ef, |Vul?dx + 2hoVn. (3.36) 


Inserting the last inequalities in (3.35), we obtain (3.34). 


Lemma 3.3. The functional 


i=1 


satisfies for any « > 0 


W(t) < —D (ai — 2) fo lusPda +e fo (Vul? + [div ul?) dex 


(3.38) 
+2hoVn— 2h'oVn+k fo 2(t,1). ( as h(s)nds) da. 
Proof. Multiplying (2.16) by ee. h(s)n(t, s)ds and integrating over Q, we get 
O= 33, fa hi(s) Jo uf ndads 
ee, Jog UAus + (A + p)Vdiv us) Gis hi(s)nids) dx (3.39) 
rue ne Ce hi(s)Anids ) (Jc lia hi(s)mds) dz. 
By using the fact that, 0:n(t, s) = —O.n(t, s) + u'(#), we find 
pa i hi(s) Jo undads 
= we (2 a hi(s) Jo umdads — aa hi(s) Jo uinjdeds ) (3.40) 


=-wv(t) Saw Jog lui?dz + 3, Nis hi(s) Jo wOsndads. 


By the fact that iim h;(s) = 0 and 7;(t,0) = 0, integration with respect to s, we obtain 
s CO 


ie hi(s) [ ufmdteds = —W'( — o-Lawf m+ fw (f hi( (s)d.nds da 


(3.41) 
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Exploiting (3.39) and (3.41), we deduce that 
y= - yj Ou fo lusl? +k ey jo2a dt): ( Re hi(s)nids ) dz 
= a Jou (Js is Ni(s)nids) dx 
a pe ido (u- we + (A + pr) div u;) a hi(s)Vmdsdx 
+ a hi(s)Vnids) . ( hss hi(s)Vnids) dz. 


Thanks to Cauchy-Schwarz and Young’s inequalities to get 


“Df (fw (syns) ize f |u’,|?da — youn: (3.43) 


(3.42) 


1 — aj)? 
[vw (ndate <2)> | |Vuj|7da 4 oe oui a hyo Vn 


t=1 


and 


3 oe 2 
a) (/ hi(s) rds) dx < ajhy o Vin. 
i=1 72 WO 


Then, the proof is completes. 


Lemma 3.4. Let us define functional 


L 
-| [ errlt,e)dpde, Vte RT (3.44) 
0 Q 
satisfy 
; 1 1 —2r 
rt) < -2e% ff Jt, p)PPdpdx + = | ju! Pde — [ lte.)Pae. (3.45) 
Qd0 TIO Q 
Proof. By Eq.(2.15), the derivative of I gives 


I(t) =2 fd e2"(2!(t, p), z(t, p))dp 
= —2 is mao): z(t, p), 2(t, p))dp (3.46) 


ie 
= —t fo 7? 2 |2(t, p)l|?dp. 


Then by the fact that z(t,0) = u’(t), we have 


ut —2T 
r@)= -2f [ e~ 77? z(t, p)|?dodax + -| [2! [dar — — | |z(t, 1)|?dz, 
Q/0 TJIOQ T JQ 


which leads our result, since —e~?7!? < —e~?", for any p € (031) 
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Now, we are ready to prove our main stability results (3.31). 
Proof Let L(t) = N, E(t) + Nod(t) + Y(t) +1 (t), for Ni, No > 0. By definition of y, 7, J and 


E, there exist two constants d, and dz such that 
E(t) < L(t) < dj, E(t). (3.47) 


On the other hand, combining (3.32), (3.33), (3.37) and (3.45), we obtain 


L(t) << (AP 2) ho Unt (ME +B) hoVN— Dh y(ai—e— No) fo lula 


—(A +H) fo ldiv u)?da — S74 (Na(u —e — a4) — (1+: @e) fo [Vilar 


ede i z(t, p)|?dpda — — — jel Dlrdz 


+k (2(t, 1), —Nou(e )+ fo h(s)nds) 
(3.48) 
where C > 0 satisfies 
| \div ul?da < | |Vul?da. 
Q Q 
Next, the use of Cauchy-Schwarz and Young’s inequalities, we obtain 
k (2lt 1), —Nou(t) + for h(s)nds) 
2 
2 CO 
<exla(t, NIP + & (Nollu(e)l + Jor A(s)lIn(t, 8) lds) 
(3.49) 


< exll2(t, IP + 2 (WPIVu(s)IP + a% for A(s)|IVn(t, 8) IPs) 


< e4||z(t, 1) 2 + erke5 (| Vuld)|l? + a% n(s)|Vn(t, s)|Pds) 
where cg = max{N3,a;}. We now choose 0 < ¢ < pw — maxici<3{a;} and 0 < &| < 
mini<j<3{ai}. Next, we choose Ng and €9 such that 0 < Nog < minj<cj<3{a;} — 21 — 4 


and 0 < €2 < Pe (u — maxi<j<3{a;} — €). These choices imply that a; — ¢; — Ng and 


(No2(~ — € — aj) — (1+ C)e2) are positive constants. Then, we obtain, for some 3,c3,c4 > 0, 


N- 
L'(t) < -BE(t) 4 ( i a) h'oVn+tchoVn, VteE Rt. (3.50) 


Finally, we can choose N, large enough so that + —c73 > 0 


L'(t) < -BE(t)+ cahoVn, WteER*. (3.51) 
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If (2.12) is satisfied, for any i = 1, 2,3, then 


1 
hyoVn S — Fh o VN. (3.52) 
Combing (3.53) and (3.52) imply that 
L'(t) < —BE(t) —esh’o Vn, Vte Rt. (3.53) 


where cs = c4 max{d;} 


Let F = L+csE. Using (3.32), we get 


F'(t)< —BE(t) VteRT. (3.54) 
Because L ~ FE, then F ~ FE. Therefore, implies that 

F'(t)<—-cF(t) Vite Rt 
for some c’ > 0. By integrating this differential inequality, we get 

F(t)<F(0)e“', VteRt 


Thus, thanks to F ~ E, we get (3.31). 
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TIMELIKE SYMMETRIES AND CAUSALITY IN LORENTZIAN 
MANIFOLDS 


C. ATINDOGBE* AND R. HOUNNONKPE 


ABSTRACT. Metric and curvature symmetries (Killing, homothetic, conformal, null con- 
vergence conditions...) of Riemannian, semi-Riemannian, and lightlike manifolds play an 
important role in theoretical physics, especially in general relativity. In the present paper, 
we investigate and discuss the consequences that spacetimes admit such symmetries and 
show that their existence places restrictions on both the null geometry of hypersurfaces and 


the different hierarchies of spacetime causality. 


1. INTRODUCTION 


Metric symmetries and curvature conditions (such as null convergence conditions) of Rie- 
mannian, semi-Riemannian, and lightlike manifolds play an important role in theoretical 
physics, especially in general relativity ({9) and references therein). The 
purpose of this paper is to focus on the consequences of the existence of some symmetries 
(timelike conformal, homothetic, Killing, affine Killing, affine conformal Killing, projective 
vector fields) on both the geometry of null hypersurfaces and causal hierarchy of spacetimes 
(chronology, total imprisoning, stably causal, causaly continuous, strongly causal, totally 


vicious, reflecting...). 
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As we shall see, the existence of certain symmetries places important restrictions on the 
properties of null hypersurfaces (See Theorem |3. 1} Theorem [3.2] Theorem [3.3] in Section [3) 
and the spacetime (for example Theorem [4.8] tells us among other that if a compact confor- 
mally flat Lorentzian manifold of dimension 4 with nowhere vanishing scalar curvature obeys 
the null convergence condition and supports a timelike affine conformal Killing vector field 
then it is totally vicious ). The following organization is adopted for the paper. In Section [2] 
we summarize some elements of causality theory and the causal hierarchy of spacetimes and 
provide typical ingredients of the geometry of null hypersurfaces and rigged Riemannian 
structure. Most of these introductory materials are to be found in [12]. In 
Section [3| after some technical results on the function T(€) which represents the obstruction 
to the geodesibility of the rigged vector field, we prove a non-existence result of closed (in 
the topological sense) embedded null hypersurface (Theorem [3.3) and geodesibility proper- 
ties (Theorem [3.1] and Theorem on orientable Lorentzian manifolds admitting timelike 
affine conformal Killing vector field (resp. timelike projective vector field). In Section [4] we 
discuss causality in conformally flat spacetimes. The main results of this section are restric- 
tions placed on some levels of the causal ladder of spacetimes such as mentioned above and 
located at Theorems and Corollary In Section |5} causality 
conditions are also explored restricted to quasi-Einstein spacetimes with some applications 
to perfect fluid spacetimes (Theorem [5.1] Theorem Theorem [5.3] Theorem and The- 
orem (5.4). In Section (6} we extend to Hubble-isotropic spacetimes (Theorem (6.2), under a 
non negative (resp. a non positive) assumption on the expansion, the following result [14]: 
conformally stationary spacetime with a complete stationary vector field is reflecting. Sim- 
ilar sufficient conditions based on the sign of the expansion are given in Theorem and 


Theorem [6.7] to ensure that Hubble-isotropic spacetimes are distinguishing or stably causal. 


2. PRELIMINARIES 
2.1. Elements of Causality theory and the causal hierarchy. 


2.1.1. Causality relations. The causality relations on M are defined as follows. If p,q € M 
, then p < q means there is a future-pointing timelike curve in M from P to q; p < q 
means there is a future-pointing causal curve in M from p to q. Evidently p < q implies 
p <q. As usual, p < q means that either p < q or p= q. For a subset A of M, the subset 
I*(A) = {qe€M: there is a p € A with p < q} is called the chronological future of A, and 
J*(A) ={q eM: there is ap € A with p < q } is called the causal future of A. Thus 
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AUIT(A) c J*(A). For a single point, I*(p) = {q: p < q}; similarly for J*. Dual to the 
preceding definitions are corresponding past versions. Thus J~(A) = {q € M : there is a 
p€ A with q < p } is the chronological past of A. In general, past definitions and proofs 


follow from the future versions (and vice versa) merely by reversing time-orientation. 


Definition 2.1. A point p € M is a future endpoint of a future-directed causal curve y : 
I — M if, for every neighborhood O of p, there exists a point to € I such that y(t) € O for 
allt > to. A causal curve is future inextensible (respectively, past inextensible) if it has no 


future (respectively, past) endpoint. 


Definition 2.2. A future inextensible causal curve y : I —> M, is totally future imprisoned 
in the compact set C if there is to € I, such that for every t > to,t € I,7(t) € C, ie. if 
it enters and remains in C’. It is partially future imprisoned if for every to € I, there is 
t > to,t € I, such that y(t) € C, te. if it continually returns to it. The curve escapes to 


infinity in the future if it is not partially future imprisoned in any compact set. 


2.1.2. Causality conditions. If (M,g) contains no closed timelike curves, we say that the 
chronology condition holds on (M,g). A spacetime (M, 9%) satisfies the causality condition 
provided there are no closed causal curves in M. Obviously this implies the chronology 
condition, but not conversely. The causality condition (and similarly for chronology) is said 
to hold at a point p if there are no closed causal curves through p, and on a subset A if it 
holds at each p € A. A spacetime is non-total future imprisoning if no future inextensible 
causal curve is totally future imprisoned in a compact set. A spacetime is non-partial future 
imprisoning if no future inextensible causal curve is partially future imprisoned in a compact 
set. Actually, Beem proved [5| Theorem 4] that a spacetime is non-total future imprisoning 
if and only if it is non-total past imprisoning, thus in the non-total case one can simply speak 
of the non-total imprisoning property (condition N, in Beem’s terminology [5]). The strong 
causality condition holds at p € M provided that given any neighborhood U of p there is 
a neighborhood V C U of p such that every causal curve segment with endpoints in V lies 
entirely in U. M is strongly causal if the strong causality condition holds at each p € M. 


The following new step on the causal ladder has also been established. 


Definition 2.3. A spacetime (M,Q) is called feebly distinguishing if (p,q) € J*,p € I*(q) 


and q € I~(p) implies p = q. 
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A spacetime (M9) is future-distinguishing at p € M if and only if I*(p) 4 I*(q) for 
each q € M, with q 4p. M is future-distinguishing if and only if it is future-distinguishing 
at every point. This property of being future-distinguishing is called future-distinction. The 
concept of past-distinction is defined similarly. A spacetime is stably causal if it cannot be 
made to contain closed trips by arbitrarily small perturbations of the metric. The condition 
of stable causality is equivalent to the existence of a global time function on (M, 9), that is to 
say, a function on M whose gradient is everywhere timelike and future-pointing. There is one 
condition, related in some ways to the causality conditions below, which stands, nevertheless, 


outside the causal ladder. 


Definition 2.4. A spacetime (M,9) is called reflecting if It(q) C I*(p) = I~(p) C I-(q) 
forallp,qEeM . 


A spacetime (/, 9) is called causally continuous if it is reflecting and feebly distinguishing. 
Usually (see [20]), causal continuity was defined as a spacetime being reflecting and distin- 
guishing. In ({21]), it is proved that the assumption can be relaxed to feeble distinction. 
Causal continuity is stronger than stable causality. A spacetime (M,g) is called causally 
simple if it is causal and J*(p), J~ (p) are closed sets for all p € M . Finally, (7,9) is called 


globally hyperbolic if it is causal and J*+(p)M J~(p) are compact sets for all p,q € M. 


2.2. Geometry of null hypersurfaces and rigged Riemannian structure. In this sec- 
tion, we review some facts about null hypersurfaces, see for more details. Let (M,9) 
be a (n + 2)-dimensional Lorentzian manifold and M a null hypersurface in M. A screen 
distribution on M"*1, is a complementary bundle of TM+ in TM. It is then a rank n 
non-degenerate distribution over M. In fact, there are infinitely many possibilities of choices 
for such a distribution. Each of them is canonically isomorphic to the factor vector bundle 
TM/TM-. From {8}, it is known that for a null hypersurface equipped with a screen distri- 
bution, there exists a unique rank 1 vector subbundle tr(TM) of TM over M, such that for 
any non-zero section € of [M+ on a coordinate neighborhood Y C M, there exists a unique 


section N of tr(IM) on Y satisfying 
G(N,€)=1, 9(N,N) =9(N,W) =0 (2.1) 
VW €.Y(N)|y.Then TM admits the splitting: 


TM|y =TM @tr(TM) = {TM+ Otr(TM)} @S(N). (2.2) 
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We call tr(T'M) a (null) transverse vector bundle along M. Now, we need to use the (general) 


concept of rigging for null hypersurfaces, see for details. 


Definition 2.5. Let M be a null hypersurface in a Lorentzian manifold. A rigging for M is 
a vector field ¢ defined on some open set containing M such that ¢, ¢ T,M for eachp € M. 


Given a rigging ¢ in a neighborhood of M in (M,9) let a denote the 1-form 9-metrically 
equivalent to ¢, ie a = 9(C, .). Take w = i*a, being i: M < M the canonical inclusion. 


Next, consider the tensors 
g=Gta@a and g=i*g. (2.3) 


It is easy to show that g defines a Riemannian metric on the (whole) hypersurface M. 
The rigged vector field of ¢ is the g-metrically equivalent vector field to the 1-form w and 
it is denoted by €. In fact the rigged vector field € is the unique lightlike vector field in 
M such that g(¢,€) = 1. Moreover, € is g-unitary. A screen distribution on M is given by 
S (6) =TMNC-. It is the g-orthogonal subspace to € and the corresponding null transverse 
vector field to .Y(C) is 


N=6-55(6,08 (2.4) 


A null hypersurface M equipped with a rigging ¢ is said to be normalized and is denoted 
(M,¢) (the latter is called a normalization of the null hypersurface). A normalization (M, ¢) 
is said to be closed (resp. conformal) if the rigging ¢ is closed i.e the 1-form a is closed (resp. 
¢ is a conformal vector field, ie there exists a function on M such that Leg = 2pg ). We 
say that ¢ is a null rigging for M if the restriction of ¢ to the null hypersurface M is a null 
vector field. 

Let ¢ be a rigging for a null hypersurface in a Lorentzian manifold (M,g). The screen 
distribution .7(¢) = kerw is integrable whenever w is closed, in particular if the rigging is 


closed. On a normalized null hypersurface (7,¢), the Gauss and Weingarten formulas are 


given by 
VxY =VxY + B(X,Y)N, (2.5) 
VxN =-AnX 4+7(X)N, (2.6) 
VxPY =VxPY +0(X, PY), (2.7) 


Vita Aa = 200k (2.8) 
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for any X,Y € I'(T'M), where V denotes the Levi-Civita connection on (M, 9), V denotes the 
connection on M induced from V through the projection along the null transverse vector field 
N and Vv denotes the connection on the screen distribution .“(¢) induced from V through 
the projection morphism P of (7M) onto T'(.7(¢)) with respect to the decomposition 
(2.7). Now the (0,2) tensors B and C are the second fundamental forms on TM and .7(¢) 
respectively, Ay and Ae are the shape operators on TM with respect to the rigging ¢ and 
the rigged vector field € respectively and 7 a 1-form on TM defined by 


7(X) =G(VXN, €). 
For the second fundamental forms B and C' the following holds 
B(X,Y)= g(AeX, Y), C(X,PY) =g(AnX,Y) VX,Y €T(TM), (2.9) 


and 
Bocest Av=o, (2.10) 


A null hypersurface M is said to be totally umbilic (resp. totally geodesic) if there exists 
a smooth function p on M such that at each p € M and for all u,v € T,M, B(p)(u,v) = 
p(p)g(u,v) (resp. B vanishes identically on M). These are intrinsic notions on any null 
hypersurface in the sense that they are independent of the normalization. Remark that M 
is totally umbilic (resp. totally geodesic) if and only if Ae = pP (resp. ye = 0). The trace of 


* 
A¢ is the lightlike (non normalized) mean curvature of M, explicitly given by 


n+1 - n+1 
Hy = 9 _9(Ae(ex), es) = >> Blei, ei), 
i=2 i=2 
being (e2,...,€n41) an orthonormal basis of .Y(N) at p. 


3. TIMELIKE SYMMETRIES AND RIGGING 


3.1. Timelike projective and affine conformal Killing vectors field. In [12], several 
results using energy conditions and timelike conformal vector field have been proved. We 
extend this results to timelike affine conformal Killing vector field and timelike projective 


vector field. 


Definition 3.1. 1. A vector field ¢ is called affine conformal Killing if Leg = pg + K 


where K is a second order covariant constant (VK =0) symmetric tensor field. 
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2. € is a projective vector field if 
(LeV)(X,Y) = w(X)Y + W(VY)X,V X,Y € TM 
where js is a 1— forme defined on M. 
We prove the following. 


Lemma 3.1. Let (M,g) be a Lorentzian manifold and ¢ a timelike affine conformal Killing 
vector field (resp. a timelike projective vector field). For any null hypersurface M in M, the 


normalized null hypersurface (M,C) satisfies 
E(r(€)) + 2(r(€))? = 0. (3.11) 


Proof. We consider first the case ¢ is a timelike affine conformal Killing vector 
field. By definition, L¢g = pg + K where K is a second order covariant constant (VK = 0) 
symmetric tensor field. From Corollary 3.6], we have 


(8) =WVe6.8) = FLIES) 


It follows that 7() = 5K(E,€). Now as VK = 0, we have (VeK)(E,€) = 0 which leads 
to €(K(€,) — 2K(€, Ve) = 0 and then €(K(€,€) + 27(€)K(€,€) = 0. Finally since 7(€) = 
5K(E,€), we get €(7(€)) + 2(7(€))? = 0. Now, suppose ¢ is a timelike projective vector field. 


By definition, 
(LcV)(X,Y) = wW(X)Y¥ + w(Y)X,V X,Y €TM 
where 1 is a 1— forme defined on M. It follows that (L¢V)(€, €) = 2u(€)é that is 
[¢, Vee] — Vic,aé — Vale, €] = 2u(€)E. 
Since € is lightlike and Ve€ = —r(€) we get 
—r(E)9([¢, €],€) — G(Vel¢, €], €) = 0 


and 
—r(E)g({C, €],€) — (E(G([¢, €], €)) + 7 (EGC, €1,€)) = 0. 


Taking into account that 9([¢, €],€) = —7(€). We obtain 


E(r(E)) + 2(r(€))? = 0. 
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From equation(3.11), it follows that the function 7(€) vanishes identically on M if the 
rigged vector field € is complete. This is the case when M is a compact null hypersurface. 


Hence we get the following corollary. 


Corollary 3.1. Let (M,9g) be a Lorentzian manifold and ¢ a timelike affine conformal Killing 
vector field (resp. a timelike projective vector field). Let (M,C) be a normalized compact null 


hypersurface, then the rigged vector field € is G—geodesic that is T(€) = 0. 


In it is shown that if the reverse null convergence condition (that is Ric(U) < 0 for all 
lightlike vector field U) holds on a Lorentzian manifold admitting a timelike conformal vector 
field then any compact totally umbilic null hypersurface is totally geodesic. Replacing the 
existence of a timelike conformal vector field by the existence of a timelike affine conformal 
Killing vector field (resp. a timelike projective vector field), we get the same result as stated 


in the following. 


Theorem 3.1. Let (m”*? 95), with n > 1 be an orientable Lorentzian manifold such that 
Ric(U) < 0 for all lightlike vector field U. Suppose (M,g) admits a timelike affine conformal 
Killing vector field (resp. a timelike projective vector field) ¢. Then any compact totally 


umbilic null hypersurface is totally geodesic. 


Proof. Let M be a compact totally umbilic null hypersurface with umbilicity factor 


p. Recall that 
ic(é) = §(H) + 1(6)H — |e? 
Remark 3.] and H = —div(E). From Corollary [3.1] T(€) =0. hence 
Ric() = €(H) —|Ae?. (3.12) 
It follows by integrating that 
| mea =f (een ~ \AcP yas. 
M M 


By the divergence theorem, 


| euna=- f ndioag= frag 
M M M 


Hence 


| Ricerag = f uP —[AePyag = ff n(n — 1)02a9 > 0. 
M M M 


196 C. ATINDOGBE* AND R. HOUNNONKPE 


Using Ric(€) < 0, we get that n(n — 1)p? vanishes identically. If n > 2 then p? vanishes 
identically and M is totally geodesic. If n = 1 then 
Ric(£)dg = 0 
M 


and since Ric(€) has sign, Ric(€) = 0. In this case (3.12) becomes 
E(p) — p* =0. 


As € is complete (being M compact), p = 0 and the conclusion holds. 


In case the null convergence condition holds we get the following. 


Theorem 3.2. Let (m”*? 3), with n > 1 be a Lorentzian manifold satisfying the null 
convergence condition. Suppose (M,g) admits a timelike affine conformal Killing vector field 
(resp. a timelike projective vector field) ¢ . Then any compact null hypersurface in M is 


totally geodesic. 
Proof. Let M be a compact null hypersurface in M. It holds 
Ric(€) = €(H) + 7(€)H — |e. 
From Corollary [3.1] T(€) =0, hence 
Ric(é) = €(H) — |Ael?. 


The null convergence condition and the inequality |Ag|?> +H? lead to €(H) — +H? > 0, and 
since € is complete (M is compact) we get that H = 0. From the relation €(H) — |Ag|?> 0, 
it follows that |A¢|?= 0 which leads to Ag = 0. We conclude that M is totally geodesic. 


More generally, we prove the following. 


Theorem 3.3. Let (m"*? 9), with n > 1 be a null complete Lorentzian manifold such that 
Ric(U) > 0 for all null vector U € TM. Suppose (M,g) admits a timelike affine conformal 
Killing vector field (resp. a timelike projective vector field) ¢. Then it can not exist any 


closed (in the topological sense) embedded null hypersurface. 


Proof. Suppose that M is a closed embedded null hypersurface in (7,9) and consider 
¢ as a rigging for M. From Lemma 3.1] 


E(r(€)) + 2(r(€))? = 0. (3.18) 
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If r(€) never vanishes on M then setting € = exp(—4+—)€, it follows that € is a geodesic 


vir 


null vector field tangent to M which is complete since M is null complete and M is closed 


embedded. To simplify notation, we still call € by €. Then as € is geodesic, r(€) = 0 and 
Fie(€) = &(H) — |Ael?. 


Since Ric(€) > 0, the inequality |Ael2> +H? lead to €(H) — +H? > 0, and since € is 
complete it follows that H = 0 which is a contradiction. Now, suppose 7(&) vanishes at 
some p € M. Let yp be the integrale curve of € through p. y, is a complete geodesic 
curve and (r(€) oy)’ + 2(r(€) 0 7)? = 0. As the unique solution of the differential equation 
y’ + 2y? = 0 which can vanish is the trivial solution, we get T(€) oy = 0. As above this leads 
to (Hoy)! — 1(H oy)? > 0, and since 7 is complete it follows that H oy = 0 which is a 
contradiction. 


Before proving the next proposition, we need the following lemma. 


Lemma 3.2. Let (M,C) be a normalized null hypersurface in a Lorentzian manifold (M, 9) 
such that ¢ is affine conformal Killing. Then 7(X) = C(E,X)+ K(E,X) VX € A(¢). In 
particular if ¢ is conformal then r(X) =C(E,X), VX € .A(C). 


Proof. Since ¢ is affine conformal Killing there exists a function p on M such that 
L¢G = pg + K. It follows that (Leg)(€,X) = K(E,X) VX € Y(¢). Then (Leg)(€,X) = 
GVel,X) + G(Vx6,€) = K(E,X). Since 9(¢, X) = 0,9(Vel, X) = —G(VeX, C). Using the 
fact that 

VeX = VeX =Ve X + O06, XYE, 
we get 9(VeX,¢) = C(E,X). Moreover, 9(Vx¢,€) = 7(X). It follows that —C(é,X)€ + 
T(X) = K(€,X) and then 7(X) = C(é, X) + K(&,X). 


Proposition 3.1. Let (M,g) be a Lorentzian manifold and (M,C) a normalized compact 
null hypersurface such that ¢ is an affine conformal Killing vector field satisfying V x(da) = 
0, VX €¢+ where a=g(¢,.). If M is totally geodesic then it holds: 


€(-$)9(X, X) = (RE, X)X,N) WX € (6). (3.14) 
Proof. From the Gauss-Codazzi equations, see [8} Page 95, Eq. (3.11)], 


g(R(X,Y)PZ,N) = (VxC)\(Y,PZ) —(VyC)(X, PZ) 


+C(X, PZ)r(Y) — C(Y, PZ)r(X) 
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VX,Y,Z €TM where 
(VxO)(Y, PZ) = X(C(Y, PZ) — C(VxY) — C(Y, VxP2Z). 
So, we have 
G(R(E, X)X, N) = (VeC)(X, X) — (VxC)(E,X) + C(E, X)r(X) — C(X, X)r(€) (3.15) 
WX €.Y(C). From [J] Corollary 3.6 (4)] it holds 
—2C(U, X) = da(U, X) + (Log) (U, X) + 9(¢, 6) BU, X) 
VU ETM and VX € (6). As M is totally geodesic, 
~20(U, X) = da(U, X) + (Leg)(U, X) 
that is 
C(U,X) = —5da(U, X) = seul, Xx)- 5KW,X). (3.16) 
Being M compact and ¢ affine conformal Killing, from Corollary [3.1] K(é,€) = 7(€) = 0. 
Equation can be written as 
H(R(E,X)X,N) = &(C(X,X)) —C(WeX, X) -— O(X, VeX) 
~(X(C(E, X)) - C(V x, X) - CE, VxX)) + CE, X)r(X) 
VX € Y(¢). Using (3.16), VK = 0 and Vx(da) = 0, we get 
H(R(E, X)X,N) = (€(—$)9)(X, X) — 5C(E, XIK(E, X) + 5C(E, X)dal€, X) + C(€, X)r(X). 


From (3.16) C(E,X) = —Zda(é, X) — 5K(U,X) and from Lemma [3.2] r(X) = C(E,X) + 
K(&,X). Using both relations we obtain 


6(—£)9(X,X) = (RE, X)X,N) VX € (6). (3.17) 


Remark 3.1. As we can see in the above proof, the compactness of the null hypersurface is 
only used to get T(§) =0. So Proposition|3. 1| remains true if the compactness assumption is 
dropped and r(€) = 0. Recall also that without compactness hypothesis if ¢ is conformal then 
T(€) =0 (see [12]). As a consequence, we get the following. 


Proposition 3.2. Let (M,g) be a Lorentzian manifold and (M,C) a normalized null hy- 
persurface such that ¢ is a conformal vector field satisfying Vx(da) =0, VX € C+ where 
a=4g(¢,.). If M is totally geodesic then it holds: 


é(—)g(X, X) = 9(R(E,Y)PZ,N) WX € Y(6). (3.18) 


TIMELIKE SYMMETRIES AND CAUSALITY IN LORENTZIAN MANIFOLDS 199 


3.2. Spatially conformally stationary symmetries and riggings. In this section, we 


prove some results very usefuls for the next section. First we recall the following lemmas. 


Lemma 3.3. ([I|) Let (M,g) be a Lorentzian manifold and (M,C) a normalized null hy- 


persurface M such that ¢ is a geodesic spatially conformal stationary reference frame. Then 


(6) = §. 


Lemma 3.4. ({I|) Let (M,g) be a Lorentzian manifold and (M,C) a normalized null hyper- 
surface such that ¢ is a closed, spatially conformal stationary reference frame. Then T(X) = 


0 VXES(O). 


A normalized null hypersurface (M,¢) is screen umbilic if the tensor C' satisfies for all 
u,v € T,M, C(p)(u,v) = ¢(p)g(u,v) for some smooth function ¢ on M. We prove the 


following. 


Proposition 3.3. Let (M,g) be a Lorentzian manifold and (M,C) a normalized null hy- 
persurface such that ¢ is a closed and spatially conformal stationary reference frame. If M 
is totally umbilic with umbilic factor @ then (M,¢) is screen umbilic. Moreover it holds 


C =(-§+ 6)g. In particular, if M is totally geodesic then C = —§9. 


Proof. From Lemma [3.4] we have 7(X)=0 VX € Y(C). Recall that for a closed 
rigging we have r(X) = —C(&, X) ({12]), so that 


C(é,X) =0, VX € A (C). (3.19) 
From Corollary 3.6 (4)] it holds 
—2C0(U, X) = da(U, X) + (Leg) (U, X) + G(6, BUY, X) 


YU ETM andV X € -Y(C) . Since M is totally totally umbilic with umbilic factor ¢ and ¢ 


is closed spatially conformally stationary, we get 
C(X,Y) = = +¢6)9 VX,YE(0). (3.20) 


Since g(€, X) = 0, from equation and equation it follows that C = (—§+ @)g. 


In case M is totally geodesic, we prove the following. 


Proposition 3.4. Let (M,g) be a Lorentzian manifold and (M,C) a normalized null hyper- 


surface such that ¢ is a closed and spatially conformal stationary reference frame. If M is 
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totally geodesic then it holds: 


2 
(6(-§) + F)g(¥, PZ) = g(R(E,Y)PZ,N) VY,Z ETM. (3.21) 
Proof. From Proposition |3.3} C = —$9 = g where we have set \ = —§ Now recall 


the following equation: 


9(R(X,Y)PZ, N) = (VxC)(Y, PZ) — (VyC)(X, PZ) + C(X, PZ)r(Y) — C(Y, PZ)r(X) 
(3.22) 
VX,Y,Z ETM. Taking X = € and using C(€, PZ) =0 (equation [3.19) and C = \g we get 


GR(E,Y)PZ,N) = (VerG)(Y, PZ) — (VyAg)(E, PZ) — (Y, PZ)AG(Y, PZ)r(€). (3.23) 
The connection V is not a metric connection but satisfies. 
(Vxg)(¥, 2) = B(X,Y)n(Z) + BUX, Z)n(Y). (3.24) 
As M is totally geodesic, we get Vxg =0,V X € TM. Hence becomes 
G(R(E,Y)PZ,N) = (€(A) — Ar (€))G(¥, PZ). (3.25) 
Since T(€) = § (Lemma 3.3) and A = —§ it follows that: 
(e(-2) + = gly, PZ) = GREY) PZ,N) WY,Z ETM. 


4 


+? 3) be a conformally flat Lorentzian manifold and (M,¢) a nor- 


Proposition 3.5. Let (M" 
malized null hypersurface such that ¢ is a closed and spatially conformal stationary reference 


frame. If M is totally geodesic then it holds: 


me(-B)+ 5) = 2-5) Pilon) +5 58 (3.26) 
being (€1,..-,€n) an orthonormal basis of (C) and S the scalar curvature of (M,j). 
Proof. Since (M,g) is conformally flat, the Weyl tensor vanishes. So we have: 
R(X,Y)Z = ~= (Rie, Z)Y — Ric(Y, Z)X +9(X, ZQY — FY, Z)QX) 
+X ZY — a, Z)X). 


Take p € M and (e1,...,¢€n) an orthonormal basis of .“(¢) at p then we get 


S 


n(n + pe 


RE, ei)ei = —= (Riel €, ei)e: — Tel, €1)€ — Q8) 
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and 
_ ——— _— Ss 
ORE, ee:,N) = — 7 (-Ricles, e;) — Ric(€, N)) — in 41) 
From it follows that: 
6-8) + = 2 (Riele,e5) + Rieke.) - 
and consequentely 
n(e(—8) +2) = 7 oy Riise) + Riots.) — nn (3.27) 
Finally, note that S = 7", Ric(e;, e;) + 2Ric(é, N) that is 
Ric(€, N) =-5 C4564) +2. (3.28) 


Replacing (3.28) in (3.27) gives 


ee 1 i 
n(&(-5) + P= DL Fale) + Ca 


4. CAUSALITY IN CONFORMALLY FLAT SPACETIMES 


A pseudo-Riemannian manifold (m"*?, 3) is said to be (locally) conformally flat if for 


each point p € M, there exists an open neighborhood U and a positive function ef : 4 —> R 


such that g = e/go , where (E”*+?, go) is the pseudo-Euclidean space. In all the paper, 
by conformally flat, we will always mean locally conformally flat. A necessary condition for 


an 


,g) to be conformally flat is that the Wey] tensor vanish. In dimension greater or equal 
to 4 , this condition is sufficient as well. Many authors have investigated about conformally 
flat pseudo-Riemannian manifolds. In the following, we will restrict ourself on conformally 
flat Lorentzian manifolds which include Robertson-Walker spacetime. We put a particular 


attention to the causal structure of such spacetimes. We start with the following. 


Theorem 4.1. Let (m"** 3) be a conformally flat Lorentzian manifold of dimension n 
satisfying the null convergence condition. Suppose (M,g) is chronological, null complete and 
admits a closed spatially conformally stationary reference frame ¢. Then the following holds: 
1. ifn =1 and Ric(X,X) <0 VX €C then (M,9G)is non total imprisoning. 
2. ifn =2 and(M, 9) has negative scalar curvature then (M,@) is non total imprisoning. 


3. ifn > 3 and Ric(X,X) > S WX €¢+ then (M,9) is non total imprison- 


n—1 
(n+1)(n—2) 


ing. 
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Proof. Suppose (M, 9) is totally imprisoning. Since (M,9) is chronological, from 
Theorem 3.9.], it contains a null line 7 contained in a compact minimal invariant set 
Q (in the sense of Definition 3.6.]) such that 7 = Q. Using the null completeness and 
the null convergence condition 77 is contained in a smooth (topologically) closed (embedded) 
achronal totally geodesic null hypersurface MW Theorem IV.1.]. Consider the normalized 
null hypersurface (M/,¢). From Proposition [3.5} it holds: 


1 
n+1 


)S. 


2 n 
n(e(—$) + 2) = (5-5) Fieles, ei) +5 - 


Now we discuss the different cases. 


1. ifn+2=3 then we have 


and by hypothesis €(—§) + os < 0. Note that y can be considered as an integral 
curve of € and since it is imprisonned in a compact set, it is defined on R. So along 


7 we have 


(poy)! (por)? 


0. 
D 7 °° 


This yields a contradiction from the fact that yy is complete but the last differential 
inequality can not hold for all time (see also Proof of Proposition 3.11]). Hence 
we conclude that (M,g) is non total imprisoning. 


2. Ifn+2=4 then we have 


and since the scalar curvature S' is negative, we get the contradiction follows as in 
the previous case. 


3. If n > 3, the hypothesis Ric(X, X) > Cras lead to 


de De eee 1 1 
se y Riclei, ei) + (5 - 
Oe yd oe a ae 


)S <0 


and the contradiction follows as above. 


The following lemma is needed in the proof of the next theorem. 


Lemma 4.1. Consider the differential equation 


u(t) — P(t) = hit) (4.29) 
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where h is a function which is bounded below by a positive constante k. Let |a,b{ be the 


maximal interval of any solution of (4.29), then a and b are finite. 


Proof. Let y be a solution of (4.29) defined on a maximal interval Ja, b[. Suppose 
b= oo. From (4.29), we have cx > 1. Take to €Ja,b/, then by integrating between ty and 
t, it follows that 


y(t) 


 Aesieg( 2) - ar ctan(2 y(to Wt) ) 4 ty WED to. 


Vi Vi Vk 


This means that Arctan(4) goes to oo as t goes to oo, which is a contradiction. Now, 


suppose a = —oo. Then we obtain 
1 y(to) 1 y(t) 
— Arctan(——) — —~Arctan(— =) > to —t, Vt < to. 
Vk ( Vk ) Vk Te -" : 


This means that Arctan( wo) goes to —oo as t goes to —oo, which is a contradiction. 


Theorem 4.2. Let (m"*? 3) be a conformally flat Lorentzian manifold of dimension n 
satisfying the null convergence condition. Suppose (M,9) is chronological, null complete and 
admits a closed spatially conformally stationary reference frame ¢ such that div(¢) is bounded 


above or below. Then the following holds: 


1. ifn =1 and Ric(X,X)<—-k VX € Ct, with k a positive constante then (M,g) is 
stably causal.. 
2. if n = 2 and the scalar curvature satisfies S < —k with k a positive constante then 
(M,9@) is stably causal. 


3. ifn > 3, suppose Ric(X, X) > S+k VX €¢+ with k a positive constante 


TEI ce 2) 


then (M,q) is stably causal. 


Proof. Suppose (MM, g) is not stably causal. Since it is chronological then it contains 
a null line ([22]). As above this null line is contained in a totally geodesic null hypersurface M 
and considering the normalized null hypersurface (/,¢), (3.26) holds. Let y be an integral 


curve of €. Then poy satisfies the differential equation 


y! y? 
nz) — nT = h(t) (4.30) 
where 
h(t) = (5 — =) )o Fieleises) +5 - 5) 


By hypothesis, there exists a positive constante k such that h > k. Let I =Ja,b[ be the 


maximal interval of the solution poy. From Lemma[4.1] a and b are finite. From (4.30) and 
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h>k with k > 0, p07 is increasing. First, suppose div(¢) is bounded above. As po 7¥ is 
increasing, its limit at b is either infinity or some real c. But only the latter can occurs as p 
is bounded above. However, in this case the solution po y is bounded near 6 contradicting 
the ”theorem des bouts”. We conclude that (7,9) is stably causal. 

Now suppose suppose div(¢) is bounded below. Then the limit at a of poy must be finite 
and the contradiction follows as above. 


From Theorem and Theorem the following holds. 


Corollary 4.1. Let (M,g) be a conformally flat Lorentzian manifold of dimension 4 sat- 
isfying the null convergence condition. Suppose (M,g) is chronological, null complete and 
admits a closed spatially conformally stationary reference frame ¢. If (M,g) has negative 
constante scalar curvature then it is non total imprisoning. Moreover if div(¢) is bounded 


above or below then it is stably causal. 
For conformally stationary spacetime, we prove the following. 


Theorem 4.3. Let (M"*?,g) be a conformally flat Lorentzian manifold of dimension n 
satisfying the null convergence condition. Suppose (M, 9) is chronological, null complete and 
admits a timelike conformal vector field ¢ such that Vx (da) =0,VX € ¢+ where a = g(¢,.). 
Then the following holds: 


1. ifn =1 and there exists a non negative constante k such that Ric(X,X) < —k (resp. 
Ric(X,X)>k) VX € C+, then (M, 9) is non total imprisoning. 

2. ifn =2 and (M, 9) and there exists a non negative constante k such that the scalar 
curvature satisfies S < —k (resp. S > k) then (M,9) is non total imprisoning. 

3. if n > 3, suppose there exists a non negative constante k such that Ric(X,X) > 
imcays +k VX € ¢ (resp. Ric(X,X) < Ga” = k VX € ¢+) then 


(M,9) is non total imprisoning. 


Moreover if div(¢) is bounded above or below and k is positive then (M,g) is stably causal. 


Proof. Suppose (IM, g) is totally imprisoning. Then there exists a null line 7 contained 
in a smooth (topologically) closed embedded achronal totally geodesic null hypersurface M. 
Consider the normalized null hypersurface (M/,¢). From Proposition {3.2} it holds 


é(-£)9(X,X) =G(RGY)PZ,N), VX € H((). 
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Following the proof of Proposition [3.5] we get 


1 
n+1 


n(g(—£)) = (= = 5) Do Rieleives) + (5 - 5). 


The hypothesis in each of the three case lead to €(—§) < 0 or €(—§) > 0; that is p isa 
Lyaponov function of the flow of €. Now consider the flow of € on M. Take a point p € 7 and 
let yp be the integral curve of € such that y,(0) = p. Then from [19| Theorem 3.9.] Yp = w(yp) 
and it follows that p is a positively recurrent point, that is, there exists ty — oo such that 
Yp(tn) + p. The contradiction follows from the fact that pop is strictly increasing. So (M, 9g) 
is non total imprisoning. For the last part, suppose again by contradiction that (M,9) is 


not stably causal. Then there exists a null line 7 contained in a smooth (topologically) 


closed embedded achronal totally geodesic null hypersurface M7. Consider the normalized 


null hypersurface (M,¢). As above we either €(—§) < —k or €(—§) > k with k a positive 
constante. Recall that € is a g-geodesic vector field and since M is (topologically) closed 
embedded and M null complete, then € is complete. Take any integral curve y of €, then 
there exist a positive constant k such that poy < —k (resp. poy > —k). It follows that 
poy is onto since poy is defined on whole R, which gives the contradiction as p is bounded 
above or below. 


For spacetime admitting timelike homothetic (eventually Killing) vector field, we get. 


Theorem 4.4. Let (m”*? 3) be a conformally flat Lorentzian manifold of dimension n 
satisfying the null convergence condition. Suppose (M,g) is chronological, null complete and 
admits a timelike homothetic (eventually Killing) vector field ¢ such that Vx (da) =0,VX € 
C+ where a = 9(¢,.). Then the following holds: 
1. ifn =1 and Ric(X,X) < 0 (resp. Ric(X,X) > 0) VX € C+ then (M, 9) is stably 
causal. 
2. ifn = 2 and (M,j) has nowhere vanishing scalar curvature then (M,g) is stably 
causal. 
3. ifn > 3 and Ric(X,X) > gaijacyS VX EC 
(resp. Ric(X, X) < wna? VX €¢+) then (M,9) is stably causal. 


Moreover, in each case if additionally, ¢ is complete then (M,g) is causally continuous. 


Proof. Suppose by contradiction that (W,g) is not stably causal. Then there exists 


a null line 7 contained in a smooth (topologically) closed embedded achronal totally geodesic 
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null hypersurface M. Consider the normalized null hypersurface (7, ¢) then 


1 
n+1 


n(g(—£)) = (= = 5) 0 Rieleives) + (5 - 5). 


Since ¢ is homothetic, the left hand side is zero whereas the right hand side is either positive 
or negative; which gives the contradiction. Hence (M, 9) is stably causal. Moreover is ¢ is 
complete then (/, 9) is reflecting (see [14]) and then causally continuous. 

Now, we consider the case when the spacetime is non chronological. In this case, the 
chronology violating set is C = {x : x < «}, and is made by all the events through which 
there passes a closed timelike curve. The spacetime violates chronology if C 4 @ that is if 
there is a closed timelike curve and it is totally vicious if C = M. Suppose C ¥ 0, then C 
can split into equivalence classes according to Carter’s equivalence relation z~ySa<y 
and y < x. Two points belong to the same class if there is a closed timelike curve passing 
through them. The class of x € C is denoted [a]. Note that [x] = I*(x)N I~ (a), thus [2] 
is open. So the chronological violating set can be written C = LU, Ca, with Cy its (open) 
connected components. The boundary of the component C, can be written 0Cy = U; Bak; 
with Bax its (closed) connected components. Some authors has studied the compactness 
of the components of the chronological violating set’s boundary in link with some energy 
condition ({15}) or absence of null line ([22]). More precisely, we have the following Kriele’s 


theorem. 


Theorem 4.5. Suppose that (M,9@) satisfies the null energy condition and the null genericity 
condition. If a connected component of the boundary of the chronology violating set C is 


compact, then (M,g) is null geodesically incomplete. 
We prove the following. 


Theorem 4.6. Let (Mm? 3) be a non chronological non totally vicious conformally flat 
Lorentzian manifold of dimension n satisfying the null convergence condition. Suppose (M, 9g) 
is null complete and admits a closed spatially conformally stationary reference frame ¢. Then 
the connected components of the boundary of the chronological violating set are all non com- 
pact in each of the following case: 

1. ifn =1 and Ric(X,X)<0 VX eC. 

2. ifn =2 and (M,9) has negative scalar curvature. 


3. ifn > 3 and Ric(X,X) > grtyacyS VXEO. 
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Proof. Suppose the boundary of the chronological violating set has a compact 
connected component (say B) then there exists a null line 7 contained in B. Using the null 
completeness and the null convergence condition 7 is contained in a smooth (topologically) 
closed achronal totally geodesic null hypersurface M Theorem IV.1.]._ Consider the 
normalized null hypersurface (V,¢). From Proposition [3.5 it holds: 


1 
n+1 


2 n 
n(e(—$) + ©) = (2 = 5) Yo Rieleisei) + (5 - 5): 


Then, we discuss the different cases as in the proof of Theorem|4.1]and get the contradiction. 

Totally vicious spacetimes has been of interest of research. They include Godel spacetime 
which is a solution of Einstein equation. It has been proved that a compact spacetime which 
admits a timelike conformal vector field is totally vicious. In the following, we prove that if 
the spacetime admits a closed spatially conformally stationary reference frame then under 


some curvature and completeness hypothesis it is totally vicious. More precisely, we have: 


Theorem 4.7. Let (Mm? 3) be a compact conformally flat Lorentzian manifold of dimen- 
sion n satisfying the null convergence condition. Suppose (M,g) is null complete and admits 
a closed spatially conformally stationary reference frame ¢. Then the following holds: 

1. ifn =1 and Ric(X,X)<0 VX €¢+ then (M,9) is totally vicious. 

2. ifn =2 and (M,9) has negative scalar curvature then (M,9) is totally vicious. 


3. ifn > 3 and Ric(X, X) > ns VX €¢+ then (M,9) is totally vicious. 


Proof. It is well known that a compact spacetime is non chronological. Suppose 
(M,g) is non totally vicious, then from Theorem the connected components of the 
boundary of the chronological violating set are all non compact. But, being M compact, 
the connected components of the boundary of the chronological violating set may be all 
compact, which gives the contradiction. 

In case the spacetime admits an timelike affine conformal Killing vector field, we can prove 
the following. 


Theorem 4.8. Let (Mm? 3) be a compact conformally flat Lorentzian manifold of dimen- 


sion n satisfying the null convergence condition. Suppose (M,g) admits a timelike affine 
conformal Killing vector field ¢ such that Vx(da) =0, VX € ¢+ where a =g(¢,.). Then 
the following holds: 

1. ifn =1 and Ric(X, X) <0 (resp. Ric(X,X)>0) WX €¢+ then (M,9) is totally 


VICLOUS. 
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2. ifn = 2 and (M,g) has nowhere vanishing scalar curvature then (M,g) is totally 
VICtoOUs. 
5 me n—-1 Dp; n-1 As 
3. ifn > 3 and Ric(X, X) > f¥iy(n=3)> (resp. Ric(X, X) < GaGa? VX EC 


then (M,9@) is totally vicious. 


Proof. Note that (M,g) is complete as ¢ is timelike affine conformal Killing. Sup- 
pose (M,@) is not totally vicious then as M is compact it contained a null line 7 (see [22], 
Theorem 12). Using the null completeness and the null convergence condition 7 is contained 
in a smooth (topologically) closed achronal totally geodesic null hypersurface MM. Consider 
the normalized null hypersurface (M,¢). From Proposition and following the proof of 
Proposition [3.5} we get 


1 
n+1 


n(g(—£)) = (= = 5) Rieleises) + (5 - 5). 


Then, we discuss the different cases as in the proof of Theorem |4.1]and get the contradiction. 


5. QUASI-EINSTEIN SPACETIMES 


A Lorentzian manifold is said to be quasi-Einstein ((26]) if there exists two smooth func- 


tions y and @ and a timelike unit vector field U such that its Ricci tensor satisfies: 


The notion of quasi-Einstein manifolds arose during the study of exact solutions of the 
Einstein field equations as well as during considerations of quasi-umbilical hypersurfaces. For 
instance, the Robertson- Walker spacetimes are quasi-Einstein manifolds. Also quasi-Einstein 
manifold can be taken as model of the perfect fluid spacetime in general relativity. In this 
section we explore causality conditions in such spacetime and finish with some applications 


to perfect fluide spacetime ([26]). 
5.1. Causality in quasi-Einstein spacetimes. Let start with the following. 


Lemma 5.1. Let (M,g) be a Lorentzian manifold and (M,¢) a normalized null hypersurface 
such that ¢ is a closed and spatially conformal stationary reference frame. If M is totally 


geodesic then it holds: 


3 
a 

| 
21S 
+ 

| 

fl 
= 
& 
or 
3 

| 
> 


(¢,.N). 
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Proof. From Proposition [3.4] it holds 
2 
pP _ ——— 
VY,Z€TM. Take p€ M and (e1,...,en) an orthonormal basis of .7(¢) at p then we get 


n(e(—2 = doar (€, €;) ei, N}. 


But 
Ric(é,N) = 5 g(R{E, ei)ei, N) + K(E,N) 
i=l 
and hence 
Dy i = 


Theorem 5.1. Let (m"*? 


,g) be a quasi-Einstein Lorentzian manifold of dimension n sat- 
isfying the null convergence condition. Suppose (M,g) is chronological, null complete and 
admits a closed spatially conformally stationary reference frame ¢. If the sectional curvature 
satisfies K > « for all non degenerate plane containing ¢ then (M,g) is non total imprison- 


ang. 


Proof. Suppose (M,g) is totally imprisoning. Since (M,g) is chronological, from 
Theorem 3.9.], it contains a null line 7 contained in a compact minimal invariant set 2 
(in the sense of Definition 3.6.]) such that y = Q. Using the null completeness and the 
null convergence condition 7 is contained in a smooth (topologically) closed achronal totally 
geodesic null hypersurface M Theorem IV.1.]. Consider the normalized null hypersurface 
(M,¢). From Lemma [5.1] we have 


2 
n(é(—£) + 5) = Riel, N) — K(E,N). 


From (ai), RiclE,£) = BGGU,2)2. As M is totally geodesic, Ric(E,£) = 6(G(U,€))? = 
This follows from Ric(€) = €(H) + 7(€)H — |Ael?. Since g(U,€) never vanishes, 3 vanishes 
on M. As g(€, N) = 1, we find that Ric(€, N) = pu and then 


n(e(-8) +) =n KEEN). (6.82) 


Using the hypothesis on the sectional curvature, we get 


n(é(—£) aE f) 20; 


The contradiction follows as in the proof of Theorem 
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Theorem 5.2. Let (Mm? g) be a quasi-Einstein Lorentzian manifold of dimension n satisfy- 
ing the null convergence condition. Suppose (M,9)is chronological, null complete and admits 
a closed spatially conformally stationary reference frame ¢ such that div(¢) is bounded above 
or below. If there exists a positive constante k such that K > +k for all non degenerate 


plane containing ¢ then (M,@) is stably causal. 


Proof. Suppose (M, 9g) is not stably causal. Then it contains a null line. As above 
this null line is contained in a totally geodesic null hypersurface M and considering the 


normalized null hypersurface (MM, ¢), it holds 


n(e(—£) + =) =p — KE, N). 


Let y be an integral curve of €. Then p07 satisfies the differential equation 
y? 
n(=—) — nT) = h(t) (5.33) 


where 


By hypothesis, h > k > 0 and following the proof of Theorem [4.2] we get the contradiction. 


As in the conformally flat case, we prove the following. 


Theorem 5.3. Let (mt? 3) be a quasi-Einstein Lorentzian manifold of dimension n sat- 
isfying the null convergence condition. Suppose (M,g) is chronological, null complete and 
admits a timelike conformal vector field ¢ such that Vx (da) =0,VX € ¢+ where a = g(¢,.). 
If K > pw (resp. K < ys) for all non degenerate plane containing ¢ then (M,9@) is non total 
imprisoning. Moreover if div(¢) is bounded above or below and there exists a positive con- 
stante k such that K > +k (resp. K < ~—k) for all non degenerate plane containing ¢ 


then (M,Q) is stably causal and (M,9) is causally continuous if ¢ is complete. 


Proof. Suppose (M, 9) is totally imprisoning. We know that there exists a null line 7 
contained in a smooth (topologically) closed achronal totally geodesic null hypersurface M. 


Consider the normalized null hypersurface (M/,¢). From Proposition [3.1] it holds 
é(—£)9(X, X) = 9(RE,Y)PZ,N) 
VX € S(¢). Take p € M and (e),...,e,) an orthonormal basis of .%(¢) at p then we get 


n(E(—5)) = FRE, e1)ei.N). 
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But 


n 


Ric(é, N) = S~ G(R(E, e:)ei, N) + K(é,N) 


i=1 


and hence 
n(é(—£)) = Ric(é, N) — K(é,N). 


As g(€, N) = 1, we find that Ric(€, N) = » and then 
n(é(—5)) =n — K(E,N). 


The hypothesis on the sectional curvature lead to €(—§) < 0 or €(—§) > 0 that is p is 
a Lyaponov function of the flow of €. The contradiction follows from the existence of a 
recurrent point (see proof of Theorem [4.3). So (M, 9) is non total imprisoning. If div(¢) is 
bounded above or below and there exists a positive constante k such that K > +k (resp. 
K < —k) for all non degenerate plane containing ¢, then €(—§) < —k (resp. €(—§) > k) 
and the contradiction follows as in the proof of Theorem |4.3} Hence (M, 9g) is stably causal. 


If additionally ¢ is complete then (M, 9) is reflecting ({14]) and then causally continuous. 
5.2. Physical model: perfect fluid spacetimes. 


Definition 5.1. (24|) A perfect fluid on a spacetime (M"*,3) is a triple (U,p,p) where : 


1. U is a timelike future-pointing unit vector field on M called the flow vector field. 
2. p is the energy density function; p is the pressure function. 
3. The stress-energy tensor is T = (p+ p)U* @ U* + pg, where U* is the one-form 


metrically equivalent to U. 


Let (M, 9) be a perfect fluid spacetime satisfying the Einstein equation (with cosmological 


constant A). Then it holds: 
Dip 1 = * = 
Ric + (A— 58)9 = (p + p)U" @U" + pg, 


where S is the scalar curvature. It follows that 


Ric = (58 A+p)g+(pt+p)U* @U*. 


Hence (M,9) is quasi-Einstein. Note that (M,9) satisfies the null energy condition if and 
only if 9+ p > 0. From Theorem [5.1] and Theorem |5.2| we can state. 
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Theorem 5.4. Let (m1, g) be a perfect fluid spacetime satisfying the Einstein equation (with 
cosmological constant A). Suppose (M, @) is chronological, null complete and admits a closed 
spatially conformally stationary reference frame ¢. If op +p > 0 and the sectional curvature 
satisfies K > $5 —A+p for all non degenerate plane containing ¢ then (M,g) is non 
total imprisoning. Moreover if div(¢) is bounded above or below and there exists a positive 
constante k such that K > 35 —A+p+k for all non degenerate plane containing ¢ then 


(M,9) is stably causal. 
From Theorem [5.3] we have also the following. 


Theorem 5.5. Let (1, g) be a perfect fluid spacetime satisfying the Einstein equation (with 
cosmological constant A). Suppose (M,g) is chronological, null complete and admits a time- 
like conformal vector field € such that Vx(da) =0,V X € ¢+ where a= 9(¢,.). Ifp+p>0 
and the sectional curvature satisfies K > 38 —A+p (resp. K < 55 —A+p) for all non 
degenerate plane containing ¢ then (M,g) is non total imprisoning. Moreover if div(¢) is 
bounded above or below and there exists a positive constante k such that K > 55 —A+p+k 
(resp.K < 38 —A+p—k) for all non degenerate plane containing ¢ then (M,q@) is stably 


causal and (M,g) is causally continuous if ¢ is complete. 
6. CAUSALITY IN HUBBLE ISOTROPIC SPACETIMES 
Following ([{16]) we state: 


Definition 6.1. An ordered triple (M,g,¢) is called Hubble-isotropic spacetime if (M,q) is a 
spacetime together with a future-directed reference frame ¢, and the shear and the acceleration 


of € vanish, i.e € is a geodesic spatially conformal stationary reference frame. 


Obviously, the notion of Hubble-isotropic spacetimes do naturally include conformally 
stationary and stationary ones with vanishing acceleration. The following theorem due to A. 
Dirmeier [7] gives the form of the Lorentzian metric in Hubble-isotropic spacetime of splitting 


type. 


Theorem 6.1. Let (M = Rx F"*1,9,¢) be a Hubble-isotropic spacetime of splitting type. 
Then there are two positive functions A,s on M and a Riemannian metric h on F , such 


that C = +0; and the metric is given by 


g(t,x) = —A?(t,x)dt? + Qpr3(b(t,x)) V dt + s?(t, x)pr3(hz) 


pra (b(t, x)) @ pro (b(t, x)) 
A?(t, x) 
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with « € Ft =pr,:Rx FO R,pro:Rx F > F and (h); € R a family of one-forms on F 
obeying : 
ba) = ACE 0)(Be + ff H(A) aye) 
0 


for some to € R and a one-form 8 on F and H(dA) satisfies 


dA = (A)dt + H(dA). 


The expansion © of ¢ is given by © = div(¢) = Sten 


These spacetimes are of particular interest in physics, especially in cosmology and are spe- 
cial cases of shear-free cosmological models ([13]). Nevertheless, their global properties have 
scarcely been analyzed up to now. The standard references for Hubble-isotropic spacetimes 
are ({i6]) and ({17]). We explore some causality aspects of such spacetimes and prove the 


following. 


Lemma 6.1. Let (M,9,¢) be a Hubble-isotropic spacetime (with ¢ complete) and (¢¢) be the 
flow of ¢. 
1. If the expansion © is non negative and y is a causal curve (resp. a timelike curve) 
then Vs <0,¢,07 is also a causal curve (resp. a timelike curve). 
2. If © is non positive and y is a causal curve (resp. a timelike curve) thenV s > 0, 6,07 


is also a causal curve (resp. a timelike curve). 


Proof. Recall that for a timelike reference ¢ we have 
= 5 ee 
(Leg) = 20 — 2uV w+ Ol 


where u = 9(¢,.),% = 9(Vc¢,.),o is the shear tensor and h = G7 +u@®u. As the shear and 
the acceleration vanish, we get Leg = 26h. We know also that L¢g = limy_,0(# [079 —@)). 
Let (¢:) be a flow of ¢. Let v be a tangent vector at a point p, and set w = dd@,(v) for all s. 
Hence 

lim “[9(46u(w),dge(w)) — G(w,w)] = = O(g(w,w) + 9°(C,w). 


Since ¢, 0 dt = 544, it holds 
lim [9(ddese(0),ddese(0)) — Idds(v),d64(v))] = 2 OG(dds(0),dd4(0)) 
+9° (6, dds(v))). (6.34) 


Note that 9(dds(v),dds(v)) + 97(¢,d¢s(v)) > 0. In fact this holds trivially if dé,(v) is 


spacelike or null and by the reverse Cauchy-Schwartz inequality, it holds also if ddé,(v) is 
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timelike. Hence if ¢ is non negative (resp. non positive) then means that the real- 
valued function s ++ g(d¢s(v),dds(v)) has non negative (resp. non positive) derivative. So 
if © is non negative (resp. non positive ) then Vs < 0,9(dds(v),dds(v)) < G(v,v) (resp. 
Vs > 0,9(dds(v),dds(v)) < G(v,v)). In particular if O is non negative and 7 is a causal 
curve (resp. a timelike curve) then Vs < 0,¢; 0 y is also a causal curve (resp. a timelike 
curve). In the same way, if © is non positive and ¥ is a causal curve (resp. a timelike curve) 
then Vs > 0,¢s 07 is also a causal curve (resp. a timelike curve). 

In ({14]) it is proved that a conformally stationary spacetime with a complete stationary 
vector field is reflecting. We prove similar result for Hubble-isotropic spacetime with non 


positive (resp. non negative) expansion. 


Theorem 6.2. Let (M,g,¢) be a Hubble-isotropic spacetime with non negative (resp. non 


positive) expansion. If ¢ is complete then (M,g) is past reflecting (resp. future reflecting). 


Proof. We suppose that the expansion is non negative and show past reflectivity 
that is It(p) D> I*(q) => I~ (p) C I (q) (the non positive case is similar). Take any p 4 q 
in M and let ¢; : M —> M be the flow of ¢ at the stage t € R. Assuming the first inclusion, 
it is enough to prove p_, := $_,(p) € I (q), for all € > 0 (notice that the relation < is open 
and then r < p will lie also in I~ (p_,) for small €). As ge := ¢(q) € I*(p), there exists a 
future directed timelike curve y joining p and q.. From Lemma|[6.1] o_-°7 is also a timelike 


curve and this curve connects p_, and q as required. 


Definition 6.2. Let (M,g) be a Lorentzian manifold. 


1. A function f : M — R is a generalized time function if V p,q € M,p <q=> f(p) < 
f(q). 
2. A function f is a semi-time function if f is continuous and strictly increasing on 


future directed timelike curve. 


Remark 6.1. It is known that past reflectivity (resp. future reflectivity) is equivalent to 
the continuity of the volume function t~ (resp. t*) ( [4) Proposition 3.21]). Moreover t~ 
(resp. t*) is strictly increasing on any future-directed timelike curve if and only if (M,g) is 


chronological ({20] ). 


As a consequence we have. 
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Corollary 6.1. Let (M,g,¢) be a chronological Hubble-isotropic spacetime with non negative 
(resp. non positive) expansion. If ¢ is complete then the volume functions t~ andt* of (M,9) 


are semi-time functions. 


In ({23]) the author gave the following characterization of distinguishing and strongly 


causal spacetimes. 


Theorem 6.3. 1. The spacetime (M, 9) is future (resp. past) distinguishing if and only 


if for every z,z € M,(x,z) € Jt anda € Jt+(z) imply x = z (resp. (x,z) € J+ and 
z2€ J-(£) imply x =z). 
2. The spacetime (M,9) is strongly causal if and only if for every x,z € M,(x,z) € Jt 


and (z,x) € J+ imply x = z 
We prove the following. 


Theorem 6.4. Let (M,9,¢) be a Hubble-isotropic spacetime with non positive (resp. non 
negative) expansion. If (M,g) admits a generalized time function and ¢ is complete then 


(M,g) is stably causal. 


Proof. We consider the case the expansion is non negative (the non positive case is 


analogous). Suppose (IM, g) is not distinguishing. Then from Theorem |6.3} there exists two 


distinct points 2,z € M such that (z,z) € Jt and x € Jt+(z). Since x and z are distinct 
and (x,z) € Jt we have f(x) < f(z). Also, since x € J+(z), there exists a sequence (2n)n 
converging to x such that Vn, rp € J*(z). Let ¢; denote the flow of ¢ at the stage t and y, 


the integral curve of ¢ such that y,(0) =x. As f is a generalized time function, 
f°%:R—R 


is strictly increasing and so continuous outside a countable set. Let tg € R,to < 0 such 
that f oy, is continuous at to. From ([25], Proposition A.1) f is continuous at 7,(to) = 
bt) (x). As d4, maps a causal curve to a causal curve (Lemma 6.1) and (x,z) € Jt, we have 
($t9(@), bio (z)) € Jt so that f(di,(x)) < f(t (z)). Moreover as Vn, xp, € JT(z), it holds 
Vn, big(z) € I*(bi9(@n)) and then f(¢i,(z)) < f(bto(an)). Since f is continuous at ¢;, (x) 
this lead to f(di,(z)) < f(t (x)); which gives the contradiction. We conclude that (M, 9) is 
future distinguishing. We show similarly that (IV, 9) is past distinguishing. Hence (/,9) is 
distinguishing. So the volume time function ¢* and t~ are generalized time function (see [20]). 


Since ¢ is complete then past reflectivity or future reflectivity hold on (M, 9) (Theorem |6.2). 
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From Remark [6.1 t~ or t* is continuous and then ¢* or ¢~ is a time function, that is (MW, 9) 
is stably causal. 

Now we put attention to conformally stationnary spacetime. Locally, such a spacetime 
with a timelike conformally Killing vector field K can be written as a standard conformally 
stationary spacetime with respect to K, i.e., a product manifold M = R x S and the metric 
can be written as 


G(t, x) = A(t, x)(—B(x)dt? + Qwzdt + he), (6.35) 


being Q a positive function on M, and h, 6,w, respectively a Riemannian metric, a positive 
function and a 1-form, all on S. The case 1, or independent of t, corresponds to a standard 
stationary spacetime. Then, a natural question is to wonder when a spacetime admitting a 
(necessarily complete) conformally stationary timelike vector field K can be written globally 


as above. A positive answer is given in [14]. Precisely the authors prove the following. 


Theorem 6.5. Let (M,g) be a spacetime which admits a complete conformally stationary 
vector field K. Then, it admits a standard splitting if and only if (M,9g) is distinguish- 


ing. Moreover, in this case, (M,g) is causally continuous. 


In the following, we prove that the standard splitting holds if the distinction property is 
replaced by the existence of a generalized time function. Note that this is a weak condi- 
tion than being distinguishing since any distinguishing spacetime admits a generalized time 


function. More precisely we prove: 


Theorem 6.6. Let (M,9) be a spacetime which admits a complete conformastationary vector 
field K. Then, it admits a standard splitting (6.35) if and only if (M,g) admits a generalized 


time function. Moreover, in this case, (M,g) is causally continuous. 


Proof. Suppose (M, 9g) admits a standard splitting. From Theorem 3.2], it is 
known that (MW,g) is causally continuous. Hence it admits a time function. Conversely, 
suppose (IM, 9) admits a generalized time function. As K is timelike conformal, there exists 
a conformal metric g* to g such that ¢ is Killing for (M,g*) and g*(¢,¢) = —1. Hence K 
is geodesic and (M,g*,¢) is a Hubble-isotropic spacetime (with vanishing expansion). From 
Theorem |6.3} (M, g*) is distinguishing and so is (M,g). From Theorem |6.5} (M,@) admit a 
standard splitting and is causally continuous. 


Theorem 6.7. Let (M,g,¢) be a chronological Hubble-isotropic spacetime with positive (resp. 


negative) expansion. If ¢ is complete then (M,9@) is stably causal. 
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Proof. Suppose (M,9) is not strongly causal. Then from Theorem [6.3] there exists 
two distinct points x,z € M such that (2, z) € J+ and (z,x) € J*¥. Since (z,x) € Jt, there 
exists two sequences (%n)n and (Zn)n converging respectively to x and z such that Vn,an € 
J*(z,). We consider first the case the expansion is non negative (the non positive case is 
analogous). As (x, z) € J*, there exists a future directed causal curve y joining x and z. The 
curve ¥ is a null curve otherwise z will be contained in I*+(x) and since (z,x2) € J+, (M,9) 
would contained a closed timelike curve in contradiction with the chronological assumption. 
Vs <0,¢5,07 is a causal curve. Suppose that Vs < 0,@,07 is a null curve then the real-valued 
function s ++ 9(d¢s(y'), dbs(7)) vanishes identically on (—oo, 0). The contradiction follows 
from the fact that its derivative is 2O[g(dds(7’), dds(7’)) + 97(¢, dés(1’)] (6.34), which is 
nowhere zero as © never vanishes and d@;(7’) is lightlike. So there exists s9 < 0 such that 
dsy © 7 is a causal curve with timelike part which means that ¢5,(z) € IT(@s,(z)). Using 
(z,x) € J+ and Lemma [6.1] we get also (¢s,(z), bso (2)) € J+. This contradicts again the 
chronological assumption. Hence (M/,9) is strongly causal and in particular distinguishing. 
Since ¢ is complete then past reflectivity or future reflectivity hold on (M,g) (Theorem|6.2). 
So (M,9@) is stably causal. 
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EXISTENCE OF GLOBAL ATTRACTOR FOR A MODEL OF 
SUSPENSION BRIDGE 


FATIMA ZOHRA MAHDI, ALI HAKEM*, AND MOHAMED FERHAT 


ABSTRACT. The goal of this paper is to establish a well-posedness result and the existence of 


a finite-dimensional global attractor for the following model of a suspension bridge equations: 


ut + A?u— Autu / u(s)A?u(a,y,t—s) dsth(u)=f, in QxR*. 
0 
Furthermore, the regularity of global attractor is achieved. This results extend previous 


works 


1. INTRODUCTION 


From the physics point of view, the suspension bridge equation describes the transverse 
deflection of the roadbed in the vertical plane. The suspension bridge equations were pre- 
sented by A.C. Lazer and P.J. McKenna[1] as new problems in the field of nonlinear analysis. 
Lately, similar models have been studied by many authors, but most of them have only con- 
centrated on the existence of solutions, (see for instance [7,8] and the references therein), 


while the existence of the global attractors for the suspension bridge equations are most of 


our concern. 
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Recently, S. Liu and Q. Ma [4] studied the long time dynamical behavior for the following 


extensible suspension bridge equations with past history 


use + up + A?u+ (a BI Vulag)du— f u(s)APu(t — s)ds-+ hut =g(z) in QxR*. 
Q 


They proved the existence of the global attractors by using the contraction function method 
and the regularity. We point out here that C.K. Zhong and Q. Ma [9] proved the existence 
of strong solutions and global attractors for the suspension bridge equations. Related to 
this subject, we can mention the work of J.Y. Park and J.R. Kang [10,11]. In that papers, 
they obtained the existence of pullback attractor for the non autonomous suspension bridge 
equations and the existence of global attractors for the suspension bridge equations with 
nonlinear damping. 

The recent work of A. Ferrero and F. Gazzola [2], suggested a rectangular plate model 
describing the displacement of a suspension bridge in the downward direction. The plate 


Q = (0,7) x (—1,1) is assumed to be partially hinged on the vertical edges 


u(0, y) = Ure (0, y) = ul, y) = Ure (7, y) =0, Vy € (-1,1), 


and free on the horizontal edges 


tng (E, ah) + OU te: eal = igi Be de} ) + (2 = CF egy +) = i a +1) =0, Vare (0, 7r). 


They established the well-posedness and discussed several other stationary problems. We 
also recall the results by S.A. Messaoudi et al ([5,6]), where the authors investigated the 


following problem 
ute + A?u + h(u(x, y,t)) + druz(a, y, t) + dow(2,y,t-—7) =f, in Ox (0,00), 


which describes the downward displacement of a suspension bridge in the presence of a 
hanger restoring force h(u) and external force f which includes gravity and a delay term 
which accounts for its history. They proved the existence of a finite-dimensional global 
attractor. For more details on suspension bridge models, we refer the reader to the new 
Book on mathematical models for suspension bridges by F. Gazzola [3]. Motivated by the 


previous works, in the present paper we investigate the problem (1.1) in which we contribute 
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to the results obtained in the cited references. 


un + A?u— Aut+u ie u(s)A?u(x, y,t — s)ds 

t+h(u) =f, nmQxR*, 

u(0,y,t) = Uze(0,y,t) =0, for (y,t) € (-1,1) x Rt, 

u(t, y,t) = Ure(t,y,t) =0, for (y,t) € (-l,l) x Rt, (1.1) 


Uyy(Z, +1, t) + otge(x,+l,t)=0, for (x,t) € (0,7) x Rt, 


Uyyy(Z, £1, t) + (2 — o)Uary(x, +1, t) — uy(v,+l,t)=0, (a,t) € (0,7) x Rt, 
u(z, y, t) = uo(x, y), ue(2, y, 0) = ui(z,y), in Q, 
where 2 = (0,7) x (-1,1) C R? and f € L?(Q). The memory kernel p : Rt > Rt is an 


absolutely continuous function which may possibly blows up at 0. 


2. PRELIMINARIES 


We present the following conditions about memory kernel 


(Ai): pec (R*)NL(R*), p(s) <SO0<u(s), VseR*, 
(Hs) :1=1- [ u(s)\ds =1—po>0, Vs ER, 
0 


(H3): p(s) + du(s) <0, VsERt, 6>0. 


Concerning the forcing term h : R > R, we assume that 
(Gi): h(0) =0, and |h(u)—h(v)| < Ko (14+ lul? + lvl?) |u-—v|, Vu,oeR, (2.2) 


where Ky > 0 and p > 0. Condition p > 0 implies that H2(Q) G L?+(Q). In addition, 
we assume that 


—k, < H(u) <h(uju, VueR. (23) 


As in C.M. Dafermos [12], we introduce the relative displacement past history function as 
é'(z,y,8) = u(a,y,t)—u(a,y,t—s), (2,y,s)e€QxRt, t>0. (2.4) 
Notice that ¢@ satisfies the equation 
H +5 — ue =0, (2.5) 


with the boundary condition 


¢'(x,y, 0) =0, 


222 FATIMA ZOHRA MAHDI, ALI HAKEM*, AND MOHAMED FERHAT 


and the initial condition 
G(x, y, 8) = u(x, y) — ula, y, —s) = w(s), 
where w represents the history of u. Consequently, problem becomes 
Ute + (1 — i u(s)ds A?u — Au+ us 
+f DM ds PRG) =F. OX O00), (2.6) 
gd+¢4—-u,=0, inQx (0,00), 
with the boundary conditions 


u(0,y,t) = Uer(0,y,t) =0 for (y,t) € (-1,1) x R*, 
u(t, Y; t) = Ua Hs y,t) =0 for (y, t) € (=4, l) x RT, 
ly la, Flt) ote BSL) Ht. (6.0) € (07) R’, 


Uyyy(Z, £1, t) + (2 — o)Uary(x, +1, t) — uy(v,+l,t)=0, (a,t) € (0,7) x Rt, 


(2.7) 
b' (x, Y; s) = big (t, Uy, s) = 0, for (y, s) € (—l, l) x RT, 
Piy(@, +1, 8) + oG5_(x,+1,8)=0, (2,8) € (0,7) x Rt, 
ae ce +1,s)+(2- O) Prey (2; +l, s)— by (a, +1,t)=0, (2,8) € (0,7) x R*, 
and the initial conditions 
u(x, y, 0) = uo(2, y), uz(2x, y, 0) = ui(z,y), in Q 
(2.8) 


(x,y, 8) = bo(2,y, 8) = uo(Zz, y) —~ Ue, Ys), in Q*X [0, +00). 
We will use the standard functional space and denote (.,.) be a L?(Q)- inner product and 


I|-I|p be L?(Q) norm. Especially, we take 
H=V=70), Veny=A7O), 
with 
H2(Q) = {€ € H?(Q),€ =0 on {0,7} x {-L I}, 
equipped with respective inner product and norm, 
(u,v) = (Au, Av), |lully = | Aulle. 


Define 


D(A) = {u € H*(Q) such that (2.7) holds}, 
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where Au = A?u, and equip this space with the inner product (Au, Av), and the norm 


|| Au||3 = (Au, Au). We have the following continuous dense injections 
DACVCH=H CY", 


where H*,V* are the dual spaces of H, V respectively. 


We consider the relative displacement ¢ as a new variable, we introduce the weighted L?-space 
[o@) 
ERY Vp) = {o :R* —>+ V;_ such that [ 11(s)||0(s)||f,ds < oo}, 
which is a Hilbert space endowed with inner product and norm 


(u,2) av, = / ” lr) (u(r), 0(r) year 


llullivs = (Us Wav -{ w(r)llu(r)|i,ar, = 0,1,2, 
respectively, where V2 = D(A‘) and V3 = D(A). Finally, we introduce the following Hilbert 
spaces 
Ho =V x Hx L2(R*;V), Hi = D(A) x V x L2(R*; D(A)), 


equipped with the norms 


lu, ee, Plato = Aulld + [lull + Ilo lii.v. 


and 


uur, dla, = WAU + [Vaal +16 aay 


Using the Poincaré inequality we obtain 
2 2 
Aillolla < [|Avllz, Wo eV, 


where A, denotes the first eigenvalue of A*yv = Xv in Q. 


In order to obtain the global attractors of the problem (2.6)-(2.8), we need the follow- 
ing theorem. The well-posedness of problem (2.6)-(2.8) can be obtained by Faedo-Galerkin 
method (see[13]) and combining with a prior estimate of 3.1, we omit and only give the 


following theorem. 


Theorem 2.1. Assume that assumptions (H,) — (H3) , (G1) hold and f € L?(Q). Problem 


(2.6)-(2.9) has a weak solution (u,u4,¢) € C([0,T],Ho) with initial data (uo, u1,¢°) € Ho, 
satisfying 


we E07; V), Ut EL” (0,754), ¢€ L™(0,T, L2(Rt,V)), 
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and the mapping {ug, ui, 6°} > {u(t), uz(t), o°} is continuous in Ho. In addition, if z*(t) = 
(u®(t), u(t), ¢’) is a weak solution of problem {2.4-(2.4) corresponding to initial data z*(0) = 


ub,ut,o)), t=1,2, then one has 
0> U1) Po 
llz1(¢) — 2a(#)Ilato S e“|l21(0) — 22(0)|lo40, ¢ € [0,7], 


for some constant c > 0. 


The well-posedness of problem (2.6)-(2.8) implies that the family of operator S(t) : Ho > 
Ho defined by 
S(t)(uo, ui, 9°) = (u(t), u(t), ¢°), £20, 
where (u(t), ue(t), o°) is the unique weak solution of the problem (2.6)-(2.8), satisfies the 
semigroup properties and defines a nonlinear Co-semigroup, which is locally Lipschitz con- 
tinuous on Hg. Now, we recall some fundamentals of theory of infinite dimensional systems 


in mathematical physics. These abstract results will be used in our consideration. 


Definition 2.1. A dynamical system (H,S(t)) is dissipative if it possesses a bounded ab- 
sorbing set, that is, a bounded set 8 C H such that for any bounded set B C H there exists 
tp > 0 satisfying 

S(t)BCSB, Vt> tp. 


Definition 2.2. Let X be Banach space and B a bounded subset of X. We call a function 
®(.,.) which is defined on X x X a contractive function on B x B if for any sequence 


{%n}°2, C B, there is a subsequence {tnk}Po1 C {@n}721, such that 


lim lim ®(¢pp, pz) = 0. (2.9) 


k-0o I> 00 


Denote all such contractive functions on B x B by €. 


Definition 2.3. Let {S(t)}i>0 be a semi-group on a Banach space (X,_|\.||) that has a bounded 
absorbing set By. Moreover, assume that for « > 0 there exist T = T(Bo,¢€) and ®7(.,.) € 
€(Bo) such that 

\|S(L)x — S(L)yl| < €+ &r(z,y), V(x, y) € Bo, 
where ®p depends on T. Then {S(t)}is0 is asymptotically compact in X, i.e , for any 


bounded sequence {Yyn}°@, C X and {tn} with th > 00, {S(tn)yn}P21 is precompact in X. 


Theorem 2.2. /14] A dissipative dynamical system (H, S(t)) has a compact global attractor 
if and only if it 1s asymptotically smooth. 
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Our main result in the following 


Theorem 2.3. Assume that assumptions (H,)—(H3) and (G4) are fulfilled. Leth € C1(R,R) 
and f € L?(Q) be given. Then the dynamical system (Ho, S(t)) corresponding to the system 
(2.6) — (2.8) has a compact global attractor A C Ho, which attracts any bounded set in Ho 


with ||-[40: 


3. GLOBAL ATTRACTOR IN Ho 


In order to prove Theorem [2.3] we will apply the abstract results presented in Section 2. 
The first step is to show that the dynamical system (Ho, S(t)) is dissipative. The second step 
is to verify the asymptotic compactness. Then the existence of compact global attractor is 


guaranteed by Theorem [2.2| 


3.1. A Priori estimates in Ho. First, taking the scalar product in H of the first equation 


of (2.6) with v = w+ Ou, after a computation, we find 


1d 
pan (Held +eluld +ivuig+2 f wyde—2 f fade) -o0)dul8 +a euls 
LG thy aha Oe HO oe vy, ite 6 | fie 6 
Q Q 
Exploiting (H,) — (H3) and Holder inequality, we have 
(1 — 4) (ue, v) = (1 — 8)|I 015 — O01 — 8)(u, v), 
Chuday =O +o av =F FlOlR +f wls\(0!,06(s))vas 
1d 1 d 
= Salley +5 [ ue)slo'las on 
3.11 
1d 1 /[* 
= 1 pathy 2 P eotetoa 
ld i 
> SF giey +o [ usyletids = 5 |6'Ry + Shelby, 


j=) 


0) 1-1)? 
ad wav = Sle" — 2 auld, 


We choose 6 small enough, such that 


(1-0 86 1 1 


1 
}6 201 — 2 
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then combining with Hélder, Young and Poincaré inequalities, we obtain 


at (1 - LSP) javuld + (1 opel - 00 — 8)(u,0 


(1-10 6 
> 6(1- SS") jan + (1 - lel - Sault 


(1-10 5 ae as 24 Ly a2 
> — — — | — _ 
> al (1 ay) WAulls + Olea — (ay Aull + sllelta 


= (1-1) 0 2 i. 2 
= 61 (1- SP" - =) aul + (5-9) lot 


> (1 — 8)|| Aull; + qlee: 
Collecting with (3.11) and (8.12), there holds 

d 

G (lle + Mule + Wud + Ny +2 f awae—2 f uae) 
1 
5 llol]3 + 200(1 — 6) | Aal|5 + 26||Veull3 + gllolnv 
+20 | h(u)uda — 26 | fudz < 0. 

Q Q 


1 1 
Provided thet y= min{ 261 (a 9) i) 28,5, ot. let 


E(t) = lol2 +t Auld + [VulB + IolBy +2 f m(wae—2 f fade 
and 

I(t) = JolB-+ UAule + IVul3-+ le'lfy +2 f wud —2 f fade 
We have 


d 
— E(t I(t)< 
E(t) + I(t) <0, 


which implies 


E(t) < —O [ " T(r)dr + E(0), 


where 


(3.12) 


(3.13) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


E(0) = tu + Bun 3 + UAuoll + [Wuoll3 + lly +2 f Huo)de—2 ff funde. (3.18) 


Noticing that (2.3)and (3.14)-(3.15), and using the compact Sobolev embedding theorem we 


get 
A, + 240 
2A1 


E(t) > lol 4 ( ) |Aull2 + [Vull2 + Ié'lley — Ma. 


Similarly 


T(t) > llella 


(: A1 + 266 


Aells + [Vall3 + [lo'll.v — Ma, 
2X1 


(3.19) 


(3.20) 
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2 Ai + 20 
where MM; = 3, Mil + K,|Q|. Therefore, let arr <1, and 0 < 4 < Ai (I — 5), we have 
Ai + 260 
|—- —.— > 0. 3.21 
Se (3.21) 


Associated with (3.19)-(3.20), there exists a positive constant C; such that 
E(t) > Ci (loll + Ul Auld + Vall + lle'lii.v) — Ma, (3.22) 
T(t) > Cy (lulld + Auld + [Vull3 + [l'liv) — Ma. (3.23) 


So we deduce from (3.22)-(3.23) and (3.17) that 


C1 (lloll3 + Ul Aul + Vall} + lld"2.y) - Ma < 


2 2 2 £12 ee 
0 | [Cr (lvls + Aull + Vella + [lo v) — Mildt + £(0). 
Thus, for any p? > pa there exists to = to(B) such that 
llo(¢o) 3 + U|Au(to)|3 + I Vu(to) 3 + Io" o)lln.v < pi, (3.25) 


and we end up to. 


Lemma 3.1. Assume that assumptions (H) — (H3) and (Gi) hold and h € C(R,R), f € 
L?(Q), then the ball of Ho, Bo = Byy(0,p1), centered at 0 of radius pi, is an absorbing set 
in Ho for the group S(t). For any bounded subset B in Ho, S(t)B C Bo fort > to. There 


exists a positive constant {41 > p, such that 
Acid + olla + Vulld + [Play SHI, Vt > to. (3.26) 
3.2. Existence of global attractor. First we prove an important Lemma. 


Lemma 3.2. Under the hypotheses of Theorem[2.4 there exists a constant fz > pi, such 
that 


IVAullz + [| Veell3 + [16 <p, Wt> to. (3.27) 


y,D(A4) 


Proof. Multiplying (2.6); by —As = —Auw, — @Au and integrating over 2, we get 


1d 
5 (UV Auld + IIVsII3 + Aull) + OV Aull} + 6) Ae) 
t (1 8)(ue, As) + (65 Ue) 48) +94), nad) (3.28) 


+ (h(u), —Ac) + (f, As) = 0. 


Similar to previous estimates, we see that 


(1 — 6)(uy, Ac) = (1 — 8)||Vc|]3 — 01 — €)(Vu, Vo), 
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ld ty)2 ty)2 
(8,1), neaty 2 sallOl? peaty t SIO"? pcaty 
and 
6 (1—)e 
t see Ua er 2 
1.4), ocak 2 gO? peggy — ge Aa 
Whereupon 
_ a) IWault (1 — a)|| VII — (1 — 8)(Vu, Vs) 
wae LIVI. 

Then we get from (3.28) 

1 d 

(ivaulp 4+ [IVsIB + ul + No! ») + 01(1 — )|| Vu]? 
= ad 2 _ 
+JUVsI3 + Ol Auld + S162 4g, < (hw) — F.A0), 
Similarly, exploiting the bound ||u||3 < c, which implies that ||h(u)||?..0 <¢ and 
(h(u) — f, Aue + @Au) < ([|h(u)|]3e + ILFIZ)(iAeell2 + |Aul3)<e. (3.30) 

So, we have 

54 (ulvaule + |Vol3 + [Aeel2 + "ll 2) +2001 #)VAul 

2 dt 4 : : pD(A4) ° (3.31) 

2 2 2 t2 
+2000 Aul3 + 5IVsI3 + 201Aul3 + S161, 43, < 2c 


Thus, denote 


F(t) =U|VAull3 + [Volo + Aulld + le pay 


We easily get 
d 
dt 


F(t) + F(t) <C, 
where 09 = min{26(1 — 8), 2 6,4, 3}, C = 2c. By the Gr 


onwall Lemma, we get 


Using the fact that F(t) > ||VAu||3+||Vuell3 + lol aby’ , then (3.27) holds. Next we show 
uD 


an essential inequality to prove Theorem [2.3]. 


Lemma 3.3. Under the hypotheses of Theorem|2.4 given a bounded set B C Ho, let 21 = 


(u, uz, b) and z(t) = (v, %4,€) be two weak solutions of problem (2.6)- (2.8) such that z1(0) = 
(uo, u1,¢°) and z2(0) = (vo, v1, €°) are in B. Then, we have Vt > 0 


t 
ll21(t) — zo() [yy Se" lz (0) — 22(0) Fu, + c; | eM) i1u(s) — (8) l54148, (3-32) 
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where v1 > 0 is a small constant and p, C3 are positive constants. 


Proof. Let us fix a bounded set B C Ho. We set w = u—v and ¢ = d— €. Then (w,¢) 


satisfy 


wy + lAtw — Aw + uw; 4 [ u(s)A?C(s)ds + h(u) — h(v) = 0, 
0 (3.33) 
GC = —Cs + wt, 


with initial conditions 
w(0) = uo — vo, w(0) = uy — 11, 6° = bo — &. 


Taking the scalar product in H of (3.33), with ¢ = w; + 0w, we have 


d 
(| Aew|l3 + [sl] + []Veul]3) + Al Aw|ls + A||Vewllg + (1 — 8)(we,s) 


dt 
+(C%, We)nv + (6%, w) u,v + (A(u) — h(v),¢) = 0. 


Dole 


(3.34) 


Combining with the previous discussion, we can obtain 


(1 — 8)(we,s) = (1 — 4) |I<[13 — (1 — 8)(w, 5), 


ld ) 
(¢’, we) uv > 5 ll lly - glleliv> 
and 
6 1= 107 
06, wav > Ie! -— —P* aw. 


We have 


1—1)0 
at (1 - 25) jawig + a - oisiB - 00 - 6)(u,) 
1 
> 611 — 8)||Aw|[3 + TIsIB. 
Then we get 


1d 
5 ap (liAwlla t lisild + Vella + Ile'llnv) + 90 — 8) Awll3 


— —e (3.35) 
+4 isla + alVelle + Fil ln.v < —(A(u) — Ala), 5). 


We use (2.2) and Young’s inequality to obtain 


- [ (uu) — h(v) (wy + Ow)de 


< Ko f (JO) 20 + fulpgay + lo lBipery) lhollcessy (lor + Bll (3.36) 


Q 
Koce , 20Koce 2 A 12 
< (ARF BEE ala + gS 


< Ko | (1 + Jul? + Jul?) |w| lee + Ow|da 
2 
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In above inequality, we have used the fact that: ||w;||3 = ||; —@w||3 and cg > 0 is an embedding 


constant for L?@+)(Q) 4 L?(Q). Integrating (3.33), we get from (3.35) 


Q 


q (lAwlla + isll + Vella + Ie'llz.v) + 2601 — 8)||Awl) 
1 


4. 
| 
| 


0 0) 
5) UsIB + 2017 WI + 2H (3.37) 


Koc 62Kocp 
<( BoB Oe Helos) 


Choosing @ small enough, such that 


Thus, if we denote 


W(t) = UlAwl|l3 + [Iso + Yells + lle li.v> 


then we easily find 


d 
owt) +uW(t) < C3llwllo41); 


KG 02K 
where 1, = min{ 26(1 — 6), 1 a C3 = — — which implies that 
1 


t 
W(t) < e-’"’W(0) + C3 / eH) lea ll5 cous. 
0 
Invoking W(t) > ||z1(t) — za(t)||3,,5 we deduce (3.32). 
Lemma 3.4. Under assumptions of Theorem |2.3| the dynamical system (Ho, S(t)) corre- 
sponding to the problem (2.6)- (2.8) is asymptotically smooth. 


Proof. Let B be a bounded subset of Ho positively invariant with respect to S(t). Denote 
by Cg serval positive constants that are dependent on B but not on t. For 29,22 € B, 
S(t)zg = (u(t), u(t), 6°) and S(t)zi = (v(t), u:(t), €4) are the solutions of (2.6}-(2.8). Then 
given € > 0, from inequality (3.27), we can choose JT’ > 0 such that 


i a 
|S(t)29 — S(t)zG lao < €+ Ca (/ l|u(s) — (9) pend) ; (3.38) 


where Cg > 0 is a constant which depends only on the size of B. The condition p > 0 


1 


implies that 2 < 2(p+1) < co. Taking 0 = 5(1 — oa) and applying Gagliardo-Nirenberg 


interpolation inequality, we have 


u(t) — o)llo@4y < ClA(u) — o(4))[I5llu@) — oI ®. 
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Since ||Au(t)||2 and ||Av(t)||2 are uniformly bounded, there exists a constant Cg > 0 such 


that 
2(1-— 
llu(t) — v@)IBg@ary < Callu(t) — v()I2°. (3.39) 
Then, from (3.38) and (3.39) we obtain 


|S(t)29 — S(t)zéllao S € + Or (x, 2) 


with 


i 
2 


br(.28) = Cn ( [ * Yule) — u(s)[2°-P as) 


The following proof ®r € € namely ©r satisfies (2.9). Indeed , give a sequence (zj) = 
(uj, ut, ob) € B, let us write S(t)(z) = (u"(t), u(t), @™") is uniformly bounded in Ho. On 
the other hand,(u”, uj’) is bounded in C([0,T],V x H),T > 0. 
By the compact embedding V C H, the Aubin lemma implies that there exists a subsequence 
(u”*) that converges strongly in C([0,7], H). Thus, 

is 


lim lim \|u”* (s) — uM 20-8) ds =(), 
k-00 loo Jo 


Then (2.9) holds. 


Proof of Theorem Lemma 3.1] and Lemma 3.3] imply that (Ho, S(t)) is a dissipative 
dynamical system which is asymptotically smooth. Then it has compact global attractor 


from theorem 


4. ASYMPTOTIC REGULAR ESTIMATES 


Theorem 4.1. Under assumptions of Theorem|2.3 then the global attractor A is a bounded 
subset of Hy. 


In order to prove Theorem |4.1| we fix a bounded set B C Ho and for z = (uo, u1, ¢°) € B 
, we split the solution S(t)z = (u(t), u:(t), 6") of problem (2.6)-(2.8) into the sum 


S(t)z = D(t)z+ K(Eé)z, 
where D(t)z = z(t) and K(t)z = z9(t), namely z = (u, ut, O°) = 21 + 22. Furthermore, 


uU=vu+wu, ¢ ae Pe 2, >= (v, v4, C), 22> (w, wy, €°), 
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where 21(t) satisfies for (x,t) € (0,7) x Rt and (a, s) € (0,7) x Rt 


vit + LA2v — Av + 44 [ p(s) A?¢"(s)ds = 0, 

Ge = —Gs + Ut, 

v(0,y,t) = ver(0,y,t) =0 for (y,t) € (-1,1) x Rt, 

v(m, y,t) = Vee(7,y,t) =0 for (y,t) € (1,1) x RY, 
Uyy (2 41,t) + one (2,41,t) =0, for (e,t) € (0,7) x R* 
Uyyy 2, lt) + (2 — 6 wey (Ee, 41, t) = vy (@, 1, t) = 0, 
6"(0, 9,8) = Gea(0,y,8) =0, for (y,s) € (—I,) x R*, 
C'(,Y, 8) = Gra(™,y,8) =0, for (y,s) € (-I,1) x R*, 
City l,8) + @Cr (a2, s)=0, for (a,s) € (0,0) x R*, 
Cri te lS) 2 =o Ce yl, 8) = Gea, 4) = 0, 
v(a,y,7) = Ur(a,y), C7 (@,y,8) = br(a,y, 8). 


And 29(t) satisfies for (x,t) € (0,7) x Rt and (a, s) € (0,7) x Rt 


wy + Atw — Aw + w;4 ih p(s)A7é"(s)ds + h(u) = f, 
Gy = E+ we, 
w(0,y,t) = Wee(0,y,t) =0 for (y,t) € (-1,1) x R*, 
w(m,y,t) = Wee(m,y,t) =0 for (y,t) € (-L,1) x R*, 
Wyy(x, +1, t) + oWee(z,+1,t) = 0, for (x,t) € (0,7) x Rt, 
Wea ( abl, t) + (2 7) Wee (oe, tl, t) = wy (e, 1,2) =, 
€°(0,y, 8) = Ga(0,y,8)=0, for (y,s) € (1,1) x RF, 
é(n,4, 8) = Ea(ms48) = 0, for (ys8) € (LD) x RY, 
y(t, 1,8) +o€,.(2,+l,8)=0, for (x,s) € (0,2) * Rt, 
Aes +l,s)+(2- eas am Con +l, s) — ate se) ty =U, 
w(r,y,7T)=0, €" (x,y, 8) = &-(2,y, 8) = 0. 


(4.40) 


(4.41) 


The well-posedness of the problem (4.40) and (4.41) can be obtained by Faedo-Galerkin 


method. Furthermore, combining with a priori estimate of 3.1, about the solution z1(t) of 


equation (4.40), we have the following result: 


Lemma 4.1. Under assumptions of Theorem |2. 5} there exists a constant kg > 0, such that 


the solution of (4.40) satisfies the following inequality 
ID(O)zlayy < Ce ™, 


where C' is a constant. 
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About the solution of equation (4.41), we have the following results: 


Lemma 4.2. Under the assumptions of Theorem [2.3 there exists a constant N > 0, such 


that the solution of satisfies the inequality bellow 
IK (Ozh, <N. 


Proof. Taking the scalar product in H of (4.41); with As = Au; + 0Aw, we obtain 


ld 2 2 2 2 2 
5a (iu + Ac + ['VAro]) + 42], Aw] + AV Au a 
+(1 — 6)(wz, Aw) + (6, we)y,p(ay + O(6’, w) D(a) + (A(u), As) = (f, As). 
Similar to the previous discussion, there yields 
(1 — 8)(w, As) = (1 — 6)||Ac|3 — (1 — 8)(Awo,<), 
1d 6 
(6°, we)y,D(A) ole |, D(A) + alle ln, Dcay: 
5 1—1)6? 
0(€', w),,.0¢4) > SIE" nga — aw 
Then, we get from (4.42) 
2 
a (at task + VAw3 + 12, oc) 
ro (1- 29) faulg +1 o)ciB +o awI8+ Teo) (8) 
~6(1 — 6)(Auw, 5) + (h(t), As) = (FAs). 
We have 
1—1)0 
6l (1- Gh) ) | Aw [3 + (1 — 8)||Ac|I3 — (1 — 8)(Aw, ) 
él (4.44) 


1 
> O1(1 — 8)||Awl|3 + F\|Asll3. 
By Lemma|3.1]and the Sobolev embedding theorem we know that h(u), h’(u) are uniformly 


bounded in L°° that there exists a constant K3 > 0, such that 
|h(u)| < Kg,and_ |h'(u)| < Ks. 
Combining with the Hélder, Young and Cauchy and (3.26), (3.27), it follows that 


iG), Ad = © (h(u), Aw) +0(h(u), Aw) > <(h(u), Aw) + (h(u), Aw) 

2 Gq elu): Aw) + O(h(u), Aw) — (h'(u)uz, Aw) 

> © (hu), Aw) + 0(h(u), Aww) = [ A adie Auilde (4.45) 
(sled, Aes OOK Gi) Aull = Kajol Als 


al Kept 
(h(u), Aw) + 6(h(u), Aw) — [|| Aw|)3 - St, 


234 FATIMA ZOHRA MAHDI, ALI HAKEM*, AND MOHAMED FERHAT 
and 


(f, As) = (f, Aw: + OAw) = “Cf, Aw) + 6(f, Aw). (4.46) 


Thus, collecting (4.44)-(4.46) from (4.43) yields 


ai ete + ||Acll3 + Ivaule + |lE*I2, pay + 2(h(u), Ae) — 2(f, Aw)) 


0 
+21 (aa _ 9) - 7) | Av 3 + SIAsI3 + 20VAwI3 + S162 oc (4.47) 
2 2 
+20(h(u), Aw) — 20(f, Aw) < 


Taking 09 = min{ 20(1 0) ,20,2 a i} we can obtain from (4.47] 


d 
S (UlAwll3 + [Acl3 + IVAw]3 + lle"? ppay + 2(h(u), Aw) — 2(f, Aw)) 
a (iw + ||Acl3 + IV Awll3 + IIEI2 pay + 2(h(u), Aw) — 2 f,Aw)) (4.48) 


< Kui 
—~ @ ¢ 


On the other hand, by the Hélder inequality, the Sobolev embedding theorem and (3.26), it 


SE jAwld + 2(h(u), Awl > Shaw + y/ Prop 
‘sis (4.49) 
-5 [moo )|-[h! (u)|[ueldar > ty | [2 h(u)\lg - ——, 


d {l d l 2 
5 (Sidwi +204, Au) ) = Shaw — fre. (4.50) 


Therefore, integrating with (4.49)-(4.50), we get from (4.48) 


d l 2 
5 (Is Aw + y[neu) ~ 4/2 FIB-+ IASI + IV AWB + Ie how) 
+40 (1 Ga + fae - [2784 Nasi + IOI + eH ox) <6, 


x 1 4 20 
where C = K3y? Gi + ') + (KG ut + |||) . Applying the Gronwell’s Lemma, we can 


easily see that there exists a constant N such that 


follows that 


and 


(4.51) 


| Arw|]d + Awelld + Il Mg pay < N- 


Proof of Theorem 
By Lemma [4.1] and Lemma [4.2 we deduce that (u, uz, ¢") € H; and we have 


| Aull3 + |Avell3 + Il¢'ll.ocay SN. 
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Now since u(t, x) satisfies (2.6)-(2.8) with initial data (uo, ui, ¢°), we conclude that 


ll (eo, 1, O° lla2, < N. 


Thus A is a bounded subset of H1. 


10 


11 


12 
13 


14 
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FIXED POINT THEOREMS OF HYBRID PAIRS OF SELF-MAPPINGS 
IN METRIC SPACE VIA NEW FUNCTIONS 


MUZEYYEN SANGURLU SEZEN* AND ARSLAN HOJAT ANSARI 


ABSTRACT. In this article, we establish some fixed point theorems for new type generalized 
contractive mappings involving C-class functions in metric spaces. We provide an example 
in order to support the useability of our results. These results generalize some well-known 


results in the literature. 


1. INTRODUCTION AND PRELIMINARIES 


Banach |2| introduced a contraction principle which has been extended by many authors 
to more general contractive conditions in different spaces, for example (see [5}/9]) . Kannan 
obtained the same conclusion as Banach’s Theorem with different sufficient conditions (see 
(11][19}). The conclusion is called Kannan contraction: A mapping T on a metric space (X, d) 


and if there exists a € [0, 5) such that 
6(Sx,Ty) < ald(fx, Sx) + d(gy, Ty)| 


for all x,y € X. Subrahmanyam constructed to show that a metric space having the 


fixed point property for homeomorphisms need not be metrically topologically complete. 
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Also, he proved that: A metric space (X,d) is complete if and only if every Kannan 
contraction has a fixed point on X. On the other hand Markin and Nadler initiated 
the study of fixed points of set valued and multivalued mappings using the Hausdorff metric. 
Tomar et al. proved strict coincidence and common strict fixed point of strongly tangential 
hybrid pairs of self-mappings satisfying Kannan type contraction (18). 

In this paper, we present new general results of strongly tangential hybrid pairs of self- 
mappings satisfying Kannan type contraction involving C-class functions. Also we establish 
coincidence and common fixed point using Hausdorff distance. The obtained results extend 
many recent results in the literature. 

Let (X,d) be a metric space and CB(X) be the family of all nonempty closed and 
bounded subsets of X. Functions 6(A, B) and D(A, B) are defined as: 6(A, B) and D(A, B) = 
inf{d(a,b):a¢€ A,b€ B} 

for all A,B € CB(X). If A = {a}, then 6(A, B) = d(a, B). If A= {a} and B = {b}, then 
6(A, B) = d(a,b). It follows immediately from the definition of 6 that 


(a) 6(A, B) = 6(B, A) > 0, 

(b) 5(A, B) < 6(A,C) + 6(C, B), 

(c) 6(A, B) =0 iff A= B = {a}, 

(d) 6(A, A) = diam, for all A, B,C € CB(X). 


Let H be the Hausdorff metric with respect to d, that is, 


H(A, B) = max{sup d(z, B), sup d(z, A)}, 
ZEA xeB 


where d(x, A) = inf{d(z, y) : y € A} for all Ac CB(X). Also H(A, B) = 0 iff A= B. 

Let (X,d) be a metric space and h: X — X be a single valued mapping and T: X > 
CB(X) be a multivalued mapping. Then (h,T) is called a hybrid pair of mapping. For a 
multivalued mapping T : X > CB(X), a point u € X is 

(a) fixed point if u € Tu, 

(b) strict fixed point (or a stationary fixed point or absolute fixed point) if Tu = {u}. For 
a hybrid pair (h,T), a point u € X is 
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c) coincidence point if hu = Tu, 
d) strict coincidence point if Tu = {hu}, 


e) common fixed point if u = hu € Tu, 


( 
( 
(e) 
(f) 


common strict fixed point if hu = Tu = {u}. 

Definition 1.1. [10] Let (X,d) be a metric space. A hybrid pair of mappings (h,T) is weakly 
commuting if hT'z € CB(X) and 6(Tha,hTx) < max{d(hz,Tx),diam(hTx)} for alla € X. 
Note that if T is a single valued mapping, then the set {hTx} consists of a single point. 
Hence, diamhTx = 0 for all x € X and definition of weak commutativity of a hybrid pair 


of self mappings reduces to the weak commutativity of a single valued pair of self mappings 


given by Sessa [15], that is, d(Tha,hTx) < d(ha,Tx) for all x € X. 


Definition 1.2. [16 Let (X,d) be a metric space. A pair of single valued self mappings 
(h,g) is tangential with respect to a pair of multivalued self mappings (S,T) if 


lim Sz, = lim Ty, = A€ CB(X) 
n—- oo 


n—- co 


whenever {an} and {yn} are sequences in X such that 


lim ha, = lim gyn = z€ A for some ze X. 
N—-OCo N—-+OCo 


Definition 1.3. [xv Let (X,d) be a metric space. A pair of single valued self mappings (h, g) 


is strongly tangential with respect to a pair of multivalued self mappings (S,T) if 


lim Sz, = lim Ty, = A € CB(X) 
Noo 


Noo 


whenever {xn} and {yn} are sequences in X such that 


lim ha, = lim gy, =z€ A for some ze hXNgX. 
noo 


Nn—- Ooo 


Definition 1.4. [3V Let (X,d) be a metric space. A single valued self mapping h is strongly 


tangential with respect to multivalued self mapping T if 


lim Tz, = lim Ty, = A € CB(X) 
n> oo 


Nn—-oo 


whenever {x} and {yn} are sequences in X such that 
lim hay, = lim hy, = z € A for some z € hX. 
N—-OCo Nn—-oo 


Definition 1.5. Leth: X + X be a single valued mapping while T: X + CB(X) bea 
multivalued mapping. The mapping h is said to be coincidentally idempotent with respect to 


mapping T, if ha € Tx imply hha = hx. 
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Definition 1.6. A mapping f : (0,00)? + R is called C-class function if it is continuous 
and satisfies following conditions: 

(1) f(s,t) < , 

(2) f(s,t) = s implies that either s =0 ort =0, for all s,t € [0,co) and f(0,0) =0. 


We denote C-class functions as C. 


2. MAIN RESULTS 


Let ® denote all functions vy : [0,00) —> [0,00) which satisfy 

(1) y is continuous and non-decreasing, 

(2) y(t) = 0 and only if t = 0, 

(3) y(t) < t, for all t € (0,00) and W denote all functions w : [0,00) —> [0,co) which 
satisfy 

(1) (0) > 0, w(t) > 0 for allt > 0 

(2) w(t) < t, for all t € (0, co). 


Theorem 2.1. Let (X,d) be a metric space andh,g: X > X be single valued and S,T : 
X — CB(X) be multi-valued mappings. If p € ®, Ww € V and f is element of C such that 


wW(0(Sz,Ty)) < f(w(d(ha, Sx) + d(gy, Ty)), p(d(ha, Sx) + d(gy, Ty))) (2.1) 


for all x,y € X and pair of (h,g) is strongly tangential with respect to (S,T). Then pairs 
(h, S') and (g,T) have strict coincidence point. Morever, h,g,S andT have a unique common 


strict fixed point if hybrid pairs (h,S) and (g,T) are coincidentally idempotent. 


Proof. Suppose that (h, g) is strongly tangential with respect to (5,7). We introduce 

{tp} and {y,} in X such that lim ha, = lim gy, = z€ A= lim Sz, = lim Typ, where 
n—-oo noo n—-0o N—-00 

AéCB(X) and z€hXMgX. Hence, there exists u,v € X such that hu = gu = z. Now we 


claim that z = hu € Su. We take x = u and y = yp in (2.1), 

P(d(Su, Tyn)) < f(W(d(hu, Su) + dgyn, Tyn)), e(d(hu, Su) + d(gyn,TYn)))- 
Taking limit as n + oo, we get, 

W(d(hu, Su)) < H(6(Su, A)) < fb(d(hu, Su)), p(d(hu, Su))) < p(d(hu, Su)). 


Then, we have 


f(u(d(hu, Su)), e(d(hu, Su))) = p(d(hu, Su)). 
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From the property of f, we get 
w(d(hu, Su)) = 0 or y(d(hu, Su)) = 0 so d(hu, Su) = 0. 


Therefore, hu € Su, that is, 6(Su, A) = 0 and so we get Su = {hu}. Hence, h and S have a 


strict coincidence point. Now we show that z = gu € Tv, using x = x, and y = v in (2.1) 
w(d(San,Tv)) < f(w(d(han, Stn) + d(gu,Tv)), y(d(han, Stn) + d(gv,Tv)). 
Taking limit as n > oo, from property of f, we get 


P(A, Tv)) < f(e(d(gv, Tv)), e(d(gu, Tv)) < p(d(gu, Tv))) < b(d(z, A)). 


From gu = z € A, we have 
v(d(gv,Tv)) < bO(A,Tv)) < f(v(d(gu, Tv)), p(d(gu, Tv))) < v(d(gu, Tv)). 


So, 
v(d(gv, Tv)) = 0 or v(d(gu, Tv)) = 0 so d(gu, Tv) = 0. 


Therefore, gu € Tv, that is, 6(Tu, A) = 0 and so we have Tv = {gu}. Hence, g and T 
have a strict coincidence point. Thus, z € Su = Tv = {z}. Now since (h, S) is coincidentally 
idempotent, hu € Su implies hhu = hu € Su. Now we claim that z = hz € Sz. We take 


a =z and y = yp in (2.1), 
W(0(Sz,Tyn)) < F(p(d(hu, Su) + d(gyn, Tyn)), e(d(hu, Su) + d(gyn,Tyn)))- 
Taking limit as n + oo, we get, 
p(d(hu, Su)) < p(6(Sz, A)) < fo(d(hz, Sz), p(d(hz, Sz))) < Y(d(hz, Sz). 
Since hz = z € A, we get, 
p(d(hz,Sz)) < $(0(Sz,A)) < f(o(d(hz, Sz), p(d(hz, Sz))) < Y(d(hz, Sz). 
So, 
w(d(hz, Sz)) = 0 or y(d(hz, Sz)) =0 so d(hz, Sz) =0. 


Therefore, hz € Sz, that is, 6(Sz,A) =0 and so we have Sz = {hz = z}. Similarly, (g,T) 
is coincidentally idempotent gv € Tv implies gguv = gu € Tv. 


Now we claim that z = gz € Tz. We take x = a, and y = z in (2.1), 


W(6(San,Tz)) < f(w(d(han, Stn) + d(gz,Tz)), p(d(han, Stn) + d(gz,Tz))). 
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Taking limit as n + oo, we get, 


PO(A,Tz)) < f(dz, A) + d(gz,Tz)), p(d(z, A) + d(gz,Tz))) 


PO(A,Tz)) < f(d(gz,T2)), e(d(gz,Tz))). 


Since gz = z € A, we get, 
p(d(gu,Tz)) < ¥(5(A,Tz)) < f(w(d(gz,Tz)), o(d(gz,Tz))). 
Then, 
w(d(gz,Tz)) =0 or y(d(gz,Tz)) =0 so d(gz,Tz) =0. 


Hence, gz € Tz, that is, 6(T'z, A) = 0 and so we get Tz = {gz = z}. Therefore z is a common 
strict fixed point of h,g,T and S. 


Let z and w be two common strict fixed points such that z 4 w. Now from (2.1), we 


have, 
v(O(Sz,Tw)) < f(v(d(hz, Sz) + d(gw,Tw)), p(d(hz, Sz) + d(gw,Tw))) 
< f(0,0) <0. 
6(Sz,Tw) <0 
but 
6(Sz,Tw) >0 


which is a contradiction. Hence, z is a unique common strict fixed point of h,g,T and S. 


Taking h = g and T = S in Theorem [2.1| we obtain the following corollary. 


Corollary 2.1. Let (X,d) be a metric space andh: X — X be single valued and T : X > 
CB(X) be multi-valued mapping. If p € ®,  € VW and f is element of C such that 


pO(Tx,Ty)) < f(v(d(ha, Tx) + d(hy, Ty)), e(d(ha, Tx) + d(hy, Ty))) (2.2) 


for all x,y € X and pair of h is strongly tangential with respect to T. Then h and T have 
strict coincidence point. Morever, h and T have a unique common strict fixed point if hybrid 


pair (h,T) is coincidentally idempotent. 
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Theorem 2.2. Let (X,d) be a metric space and h,g: X — X be single valued and S,T : 
X + CB(X) be multi-valued mapping. If p € ®, Ww € VU and f is element of C such that 


W(A(S2,Ty)) < f(o(d(ha, Sx) + d(gy, Ty)), p(d(ha, Sx) + d(gy, Ty)) (2.3) 


for all x,y € X and pair of (h,g) is strongly tangential with respect to (S,T). Then pairs 
(h, S') and (g,T) have coincidence point. Morever, h,g,S and T have a common fixed point 


if hybrid pairs (h,S) and (g,T) are coincidentally idempotent. 


Proof. Suppose that (h, g) is strongly tangential with respect to (5, 7’). We introduce 
{an} and {yn} in X such that Jim hin = Jim gyn =BEA= Jim Sa = Jim TYn, where 
A€CB(X) and z €hX 1M gX. Hence, there exists u,v € X such that fu = gv = z. Now we 


claim that z = hu € Su. We take x = u and y = yp in (2.3), 
(A (Su,Tyn)) < f(b(d(hu, Su) + d(gyn, TYyn)), p(d(hu, Su) + d(gyns TYn))): 
Taking limit as n > ov, we get, 
p(d(hu, Su)) < o(H (Su, A)) < f(p(d(hu, Su)), p(d(hu, Su))) < o(d(hu, Su)). 
Then, we have 
f(b(d(hu, Su)), p(d(hu, Su))) = o(d(hu, Su)). 
From the property of f, we get 


w(d(hu, Su)) = 0 or y(d(hu, Su)) = 0 so d(hu, Su) = 0. 


Hence, hu € Su. Hence, h and S have a coincidence point. Now we show that z = gu € Tv, 


using @ = ap, and y = v in (2.3) 
w(H(S2n,Tv)) < f(p(d(han, Stn) + d(gu, Tv)), p(d(han, Stn) + d(gv, Tv))). 
Taking limit as n + oo, from property of f, we get 
V(H(A,Tv)) < f(d(d(gv, Tv)), p(d(gu, Tv))) < b(d(gu, Tv) < v(d(z, A). 
From gu = z € A, we have 
v(d(gv,Tv)) < (H(A, Tv)) < f(d(d(gu, Tr)), e(d(gu, Tv))) < o(d(gu, Tv). 


So, 
wv(d(gu, Tv)) = 0 or v(d(gv, Tv)) = 0 so d(gu, Tv) = 0. 
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Therefore, gv € Tv. Hence, g and T have a coincidence point. Thus, z € Su = Tv = {z}. 
Now since (h,S) is coincidentally idempotent, hu € Su implies hhu = hu € Su. Now we 


claim that z = hz € Sz. We take x = z and y = yn in (2.3), 
(A(Sz,Tyn)) < f(w(d(hu, Su) + d(gyn,Tyn)), p(d( fu, Su) + d(gyn,TYyn)))- 
Taking limit as n + oo, we get, 
p(d(hu, Su)) < (HM (Sz, A)) < f(b(d(hz, Sz)), p(d(hz, Sz))) < v(d(hz, Sz)). 
Since hz = z € A, we get, 
p(d(hz,Sz)) < ¥(H(Sz, A)) < f(w(d(hz, Sz)), p(d(hz, Sz))) < Y(d(hz, Sz)). 


So, 
v(d(hz, Sz)) = 0 or y(d(hz, Sz)) =0 so d(fz, Sz) =0. 


Hence, hz € Sz. Similarly, (g, T) is coincidentally idempotent gv € Tv implies gguv = gu € Tv. 


Now we claim that z = gz € Tz. We take x = x, and y = z in (2.3), 
W(A(S2n,Tz)) < f(w(d(han, Stn) + d(gz,Tz)), p(d(hin, Stn) + d(gz,Tz))). 
Taking limit as n + oo, we get, 
p(A(A,Tz)) < f(H(d(z, A) + d(gz, Tz)), p(d(z, A) + d(gz, Tz))) 
or 
~(A(A,Tz)) < f(v(d(gz, Tz)), e(d(gz, Tz))). 
Since gz = z € A, we get, 
p(d(gv,Tz)) < ¥(A(A,T2)) < f((d(gz,Tz)), p(d(gz, Tz). 


Then, 
w(d(gz,Tz)) =0 or y(d(gz,Tz)) = 0 so d(gz,Tz) =0. 
Thus, gz € Tz. Therefore z is a common fixed point of h,g,7T’ and S. 
Let z and w be two common fixed points such that z #4 w. Now from condition (1), we 


have, 


IA 


w(H(Sz,Tw)) f(wv(d(hz, Sz) + d(gw, Tw)), y(d(hz, Sz) + d(gw, Tw))) 


IA 


f(0,0) <0. 


H(Sz,Tw) <0 
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but 
H(S2,Tm) > 0 
which is a contradiction. Hence, z is a unique common fixed point of h,g,7T and S. 


Taking h = g andT=S in Theorem [2.2| we obtain the following corollary. 


Corollary 2.2. Let (X,d) be a metric space andh: X — X be single valued and T : X > 
CB(X) be multi-valued mapping. If p € ®, W € UW and f is element of C such that 


W(A(Tz,Ty)) < f(w(d(hz, Tx) + d(hy, Ty)), p(d(hz, Tx) + d(hy, Ty)) (2.4) 


for all x,y € X and pair of h is strongly tangential with respect to T. Then h and T have 
coincidence point. Morever, h and T have a common fixed point if hybrid pair (h,T) is 


coincidentally idempotent. 


Example 2.1. Let X = [0,5], d be usual metric on X, Let a hybrid pair of mappings h,T : 
X + X by 


Define ,y : [0,+00) > [0,+00) by P(t) = £, y(t) = 3¢ and F(s,t) = ks for k € (0,1). 


Consider two sequences {x,} and {yn} such that ry = ¢ — 4 and Yn = 4 for alln > 1. 


Clearly lim han = lim hy, = 4 € {4} = lim Ta, = lim Ty, and 4 € AX. Hence h 
is strongly tangential with respect to T. The point z = $ is a strict coincidence point and 
hh = hs, that is, (h,T) is coincidentally idempotent. 

For x,y € [0,2], we have 


20 he, Tx) 


U(O(Te,Ty)) =0 << k, 


for x € [0,2] and y € (2,5], we have 


W(G(T2,Ty)) = 5 Sh 


for x,y € (2, 5], we have 


Cen ne eee 


for x € (2,5] and y € [0,2], we have 


b(5(Tx, Ty)) = : < pte, Ta) : a(hy,Ty) 


Thus h and T satisfy Corollary|2. 1] for k = % € (0,1). Also T$ = {h4} = {$}, that is, } is 


the unique common strict fixed point of h and T. 
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3. APPLICATION 


In this section, we generalize the results of Theorem 4.1 given by Tomar et al. (18}. 

Let B(W) be the set of all closed and bounded real-valued functions on W. For an 
arbitrary p,k € B(W) define ||pl| = suprew |p(®)|, [IAI] = suprew |A(a)| and 4(p,k) = 
suPzew |p(x) — k(a)|. Also, (B(W), ||.||) is a Banach space wherein convergence is uniform. 


Consider the operators T;, A; : B(W) + B(W) given by 
T.p() = supyep{g(z, y) + Gilz,y,p(r(z,y))}, 1=1,2, 3.) 
Ajk(x) = supyew{g (2,4) + G,(2,y,p(r(2,y))}, t= 1,2, 


for p,k € B(W), wherer: Wx D> W,9.g :WxD-R, emes :WxDxR- Rare given 
mappings, while W € U is a state space, D € V is a decision space and U,V are Banach 
spaces. These mappings are well-defined if the functions g;, 9,;Gi and en are bounded. Also, 


denote 
O(p,k) = f(W(d(Aip, Tip) + d(Agk, Tok)), p(d(Arp, Tip) + d(Agk, Tok))) 
for p,k € B(W). 


Theorem 3.1. Let T;, A; : B(W) + B(W) given by (3.1), fori = 1,2. Suppose that the 


following conditions hold: 
(1) For all x € W,y € D, |Gi(z,y, p(t (x, y)) — Ga(z,y, p(t (x, y))| < Ol, k), 


(2) For i =1,2, 9.g :Wx DOR, Gi.G,: W x Dx RR are bounded functions, 
(3) There exists sequences {pn},{kn} € B(W) and functions p* € B(W) such that 


Jim Tipn — dim Takin =Ae B(W) 
and 
lim Aipn = lim Aakn =p €Aandp* € Ain Ao, 
(4) AiAip = Aip whenever Ajp € Tip and AgAgk = Agk whenever Agk € Tok for some 
p,k € B(W). Then, the equation system (5) has a bounded solution. 


Proof. Let 0(h,k) = supzew |h(x) — k(x)| for any h,k € B(W) and y(t) = t for 
t € [0,+co). Let A be an arbitrary positive number, x € W. Then there exists y1,y2 € D 
such that 

Ti h(x) < g(x, y1) + Gi(a, y1, A(T (a, y1)) +A (3.2) 


FIXED POINT THEOREMS OF HYBRID PAIRS OF SELF-MAPPINGS IN METRIC SPACE 247 
T2k(x) < g(2, y2) + Go(a, yo, k(7 (x, y2)) Se (3.3) 


From the definition, we have 
Ty h(a) > g(x, y2) + Gi(a, yo, h(t (x, y2)) +A (3.4) 


Tek(x) > g(x, 91) + Gala, yi, k(r (x, y1)) +. (3.5) 


From (3.2) and (3.5), we get 
Tok(x) — Tyh(x) < O(h,k) +4. (3.6) 


Combining, we get 
|Ti h(a) — Tok(ax)| < O(h,k) +X. 
Implying thereby 


5(T, h(x), Tok(x)) < O(h, k) +2. (3.7) 


Also, (3.7) does not depend on x € W and A > 0 is taken arbitrarily. Hence, we obtain 
d(Ty h(x), T2k(a)) < O(h, k) 


for each t € (0,00). From condition (3), (Ai, Ag) is strongly tangential with respect to 
(T,,T2). Thus, from condition (4) and taking h = A,,S = Ti,g = Ao,T = T> all the 
conditions of Theorem 2.1 are satisfied. Hence, from Theorem 2.1, 7,75, A, and Ag have a 
unique common fixed point, the system of functional equations (3.1) has a unique bounded 


solution. 
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EXTENDED TRAVELING WAVE SOLUTIONS FOR SOME INTEGRO 
PARTIAL DIFFERENTIAL EQUATIONS 


SERIFE MUGE EGE 


ABSTRACT. In this study, an extended method is implemented to find traveling wave solu- 
tions of two integro partial differential equations. The exact particular solutions containing 
hyperbolic function type are obtained. By using symbolic computation it is shown that this 


method is efficient mathematical tool for solving problems in nonlinear science. 


1. INTRODUCTION 


Many nonlinear physical pheonemena such as liquid dynamics, elasticity, chemical kine- 
matics, relativity, optical fiber etc. are modelled by nonlinear partial differential equations. 
Therefore traveling wave solutions of nonlinear partial differential equations have importance 
in real world problems. Due to these solutions give information about the character of phys- 
ical events, it is required to powerful methods such as the auxiliary equation method [1], 
extended auxiliary equation method [2], Painleve method [3], inverse scattering method [4], 
simple equation method [5], modified simple equation method {6} [7] [8] [9], extended simple 
equation method [10], G’/G expansion method [11] [T2} [13], tan(¢(€)/2)— expansion method 
[14], tanh method [15], extended tanh method [I6], exp(—phi(a7))-expansion method [I7], 
subequation method [18],modified Kudryashov method [19], generalized Kudryashov method 
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[26], extended Kudryashov method [22], ansatz method and so on. 
In this paper, by inspiring the modified Kudryashov method, an extended method is 
executed to find the traveling wave solutions for two integro partial differential equations, 


namely, (1+ 1) - dimensional and (2 + 1) - dimensional Ito’s equations given as [24] (25) [26]: 


Ute + Vaexat + 3(UpUt =e UUzt) + 3Vz2 / u,dx =0 


where v is the function of (a,t) and 
Vet + Vexat + 3(Quzv4 se UUzt) + Bue | u,dx + AVyt + Bvet =0 (1.1) 
where v is the function of (a, y, t). 
The remnant of this paper organized as follows: In the following section we have a brief 


review on the extended method. In section 3, we use this method to get traveling wave 


solutions of Ito’s equations. Finally, conclusions are given in Section 4. 


2. METHODOLOGY 


The extended method is described systematically in this section : 
Step 1. We suppose that given nonlinear partial differential equation for u(x,t) to be in the 


form: 
P'(G, Ug, Use, My, Ua Uy, Urges Une.) = 0 (2:2) 


which can be reduced to an ordinary differential equation. Then Eq.(2.2) reduces to a 


nonlinear ordinary differential equation of the form: 
AG Gy Ug Mayers) =U (2:3) 
under the wave transformation 
u(z,y,z,...,t)=ulu), w=k(e@+ct) or p=x-ct, (2.4) 


where k and c¢ are constants. 


Step 2. Suppose that the traveling wave solutions of Eq.(2.3) to be as follows: 


N 
u(u) = 5° a:Z"(p) (2.5) 
i=0 
where a;(¢ = 0,1,2,..,.N) are constants such that ayn #0 and Z=+ VEE The function 


Z is the solution of equation of the auxilary ordinary differential equation 


Z, = Ina(Z? — Z). (2.6) 
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Step 3. In order to calculate the positive integer N in formula (2.5) we consider the ho- 
mogenous balance between the highest order nonlinear terms and highest order derivatives 


in Eq. (2.3). Supposing u®(j)u (2) and (u‘")(u))? are the highest order nonlinear terms of 


Eq. (2.3) and we have 


(2.7) 


Step 4. Substituting Eq. (2.5) into Eq. (2.3) and equating the coefficients of Z’ to zero, we 
obtain a system of algebraic equations. By solving this system with the help of Mathematica 


packet program, we get the traveling wave solutions of Eq. (2.3). 


3. APPLICATIONS 


3.1. (1+1) dimensional integro-differential Ito Equation. We first apply the method 


to (1+ 1) - dimensional integro-differential Ito equation in the form: 


x 


Vit + Verat + 3(UeUse + VUeE) + Buen | uydx = 0 (3.8) 


—COo 


where v is the function of (2, t). 
We use the transformation 
CG, t) = tig ye) 
This transformation carries Eq.(3.8) into following differential equation: 
Uctt te Usaraat =F | tigasllins ai Cin eich) a 3Urce Ut = 0. (3.9) 
Then, using travelig wave transformation (2.4)) we have 
— cul” + u = 3e(ullu” + ulul’) — 3cul"u! = 0. (3.10) 


where / = Ee By integrating Eq. (3.10), we obtain, upon setting the integration constant to 
zero, 

ul” + 3c(u')? — eu’ = 0. (3.11) 
Then using the transformation w = u! Eq. (3.11) can be written as 


w" + 3w? — ew = 0. (3.12) 


Also we take 


N . 
w(u) = > a, Z' (3.13) 
i=0 
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where Z(u) = 4 a. We note that the function Z is the solution of Z, = Z° — Z. 


= (1te?#) 


Balancing the highest order derivative and nonlinear term we calculate 
N=4. (3.14) 
Thus, we have 
w(p) = ag + a, Z(p) + agZ?(p) + 3Z3(p) + a4Z*(p) (3:15) 


and substituting derivatives of w(j) with respect to ys in Eq.(3.15). The required derivatives 


in Eq. (3.12) are obtained 


wy = (Z3—Z)(a1 + 2a2Z + 3a3Z? + 4a4Z°), (3.16) 
Wup = (Z>— Z)[24a4Z° + 15a3Z* + (8a2 — 16a4)Z? (3.17) 
+ (3a, — 9a3)Z? — dag — a}). (3.18) 


Substituting derivatives Eq. (3.15) and Eq. (3.16) into Eq. (3.12) and accumulate the coefficient 


of each power of Z', setting each of coefficient to zero, solving the resulting system of algebraic 
equations we get the following solutions: 


Case 1: 


ao=—-F; a, = ai, a2 = 8, a3 = a3, (3.19) 
a4=—-8, c=-4. (3.20) 
Inserting Eq. (3.19) into Eq.(3.15), we obtain the following solutions of Eq.(3.8) with respect 


to traveling wave transformation (2.4) 
4 ay(1 +e?) + a3 2 


( 
= f , 3.21 
vi (11) 3 (1 + €2H)3/2 cosh? (1) ( ) 
4 ay(1—e") +43 2 
= : 3.22 
a(x) 3 (1 — e2#)3/2 sinh? () p22) 
Thus, we obtain new exact solutions to Eq. (3.8) 
4 ay(1+e7"+*) + ag 2 
t)=-=4 ae . 3.23 
tal@t)=—3+— ay aera? + cosa + a) ees) 
4A ay(1 — e?#+8t) + ag 2 
t)= t ? ‘ 3.24 
va(z,t) 3 (1 — e2#+8t)3/2 sinh?(x + At) ee) 
Case 2: 
a9=0, a, =aj, ag=—8, a3 =a43, (3.25) 


a4=—-8, c=4 (3.26) 
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FIGURE 2. The projection of v; at t =0 


Inserting Eq. (3.25) into Eq.(3.15), we obtain the following solutions of Eq.(3.8) with respect 
to traveling wave transformation (2.4) 


un(u) = SES os + a (3.27) 
va(}1) = a - oe =_ wa" (3.28) 
Thus, we get new exact solutions to Eq. (3.8) 
wales) = Te + aay (3.29) 
Pr cme (3.30) 


(1 — €2%—8t)3/2 sinh? (a — 4t)’ 
3.2. (2+1) dimensional integro-differential Ito Equation. We secondly apply the method 


to (2+ 1) - dimensional integro-differential Ito equation in the form: 


x 


Vit + Vexat + 3(2QUzv_ + VUat) + 3000 | vdz + avy, + Bvgt = 0 (3.31) 


—oo 
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where v is the function of (a, y, t). 


Using the transformation 
Oo) = lat) 
Eq. (3.31) turns into following differential equation: 


Urtt + Uxexet + 3(Qtpe tint + UxUact) + 3Uzarxt + AUryt oh BUrat = 0. (3.32) 


By considering the traveling wave transformation p = x + y — ct, Eq.(3.33) can be reduced 


to the following ordinary differential equation: 


(c—a— B)u” — u — 3((u’)?)" =0 (3.33) 


(c—a— B)u’ — ul” — 3(v')? =0. (3.34) 


Then using the transformation w = u’ Eq.(3.34) can be written as 


(c—a— B)w—w" — 3w? =0. (3.35) 
Also we take 
N . 
w(u) = So aiZ' (3.36) 
i=0 
where Z(s) = tapen We note that the function Z is the solution of Z, = Ze — Zi, 


Balancing the highest order derivative and nonlinear term we calculate 
N=4. (3.37) 
Thus, we have 
w(t) = a9 + a1 Z (pW) + a2.Z7() + a3Z° (uw) + a4Z*(y1) (3.38) 


and substituting derivatives of w(j) with respect to py in Eq. (3.38). The required derivatives 


in Eq. (3.35) are obtained 


Wy = (Z3—Z)(a1 + 2a2Z + 3a3Z7 + 404Z°), (3.39) 
Wyp = (2? — Z)[24a4Z? + 15a3Z* + (8a2 — 16a4)Z° 
+ (3a, —9a3)Z? — dag — ay). (3.40) 


Substituting derivatives Eq.(3.38) and Eq.(3.39) into Eq.(3.35) and accumulating the coeffi- 


cient of each power of Z’, setting each of coefficient to zero, solving the resulting algebraic 
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equation system we obtain the following solutions: 


Case 1: 


ao9=—-=, a4, =0, ag=8, ag=O0, (3.41) 


a4=-—8, c=-4+a+ 8 (3.42) 


Inserting Eq.(3.41) into Eq. (3.38), we obtain the following solutions of Eq.(3.31) with respect 


to traveling wave transformation py = x + y — ct 


4 2 
SS 3.43 
vi (1) 3 a cosh2(1) ( ) 
4 2 
3.44 
vale) 3. sinh? (p) eee) 
Thus, we obtain new exact solutions to Eq.(3.31) in the form: 
4 2 
; yt — 4 3.45 
vi(ey.t) 3 cosh?(x+y—(4-—a-)t) ee) 
4 2 
34) = 5; : 3.46 
aa aR | nS 7 OS eo 
Case 2: 
ag = 0, aj = 0, ag = 8, a3 = 0, (3.47) 
ag=—-8, c=4+a+8 (3.48) 


Inserting Eq. (3.47) into Eq.(3.38), we get the following solutions of Eq(3.31) with respect to 


traveling wave transformation u = x + y — ct: 


2 


= ——., 3.49 
vi(H) TE (3.49) 
() = (3.50) 

VU = s - 

aM sinh? (tL) 
Thus, we obtain new exact solutions to Eq.(3.31) in the form: 

ee, : (3.51) 

3(z,%) = ; : 

: cosh?(x+y—(4+a+ B)t) 
2 

(a(t) = (3.52) 


sinh?(a+y—(4+a+8)t) 
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4. CONCLUSION 


In this work, the extended method is executed to construct exact solutions of nonlinear in- 
tegro partial differential equations with constant coefficients. By using the proposed method 
we have successfully obtained analytical solutions of (1 + 1) - dimensional and (2 + 1) - di- 
mensional Ito equations. Besides the solutions in , hyperbolic function type solutions are 
obtained. In addition, change in the parameters effects the speed of the wave. The obtained 
solutions may have importance for some special technological and physical events. It can be 
concluded that this method is standard, effective and also convenient for solving nonlinear 


integro partial differential equations. 


REFERENCES 


[1] Tariqab Aly KU, Seadawy R. On the soliton solutions to the modified Benjamin-Bona-Mahony and coupled 
Drinfel’d-Sokolov-Wilson models and its applications, Journal of King Saud University - Science 2018; 
doi.org/10.1016/j.jksus.2018.03.01. 

2] Tariqab Aly KU, Seadawy R. The extended auxiliary equation method for the KdV equation with variable 

coefficients, Chinese Physics B 2011; 20: 1-5. 

3] Xu GQ ,Deng SF. Painlev analysis, integrability and exact solutions for a (2 + 1)-dimensional generalized 

Nizhnik-Novikov-Veselov equation, The European Physical Journal Plus 2016; 131:385. 

4) Ablowitz MJ, Segur H. Solitons and the Inverse Scattering Transform, Studies in Applied and Numerical 

Mathematics 1981. 

5] Nofal TA. Simple equation method for nonlinear partial differential equations and its applications, Journal 


of the Egyptian Mathematical Society 2016; 24: 204-209. 


6] Zayed EME, Nowehy AGA. The Modified Simple Equation Method, the Exp-Function Method, and the 
Method of Soliton Ansatz for Solving the LongShort Wave Resonance Equations, Zeitschrift fiir Natur- 
forschung A 2015; 71: 91-180. 

7| Mirzazadeh M. Modified Simple Equation Method and its Applications to Nonlinear Partial Differential 

Equations, Information Sciences Letters 2014; 1: 1-9. 

8] Amna Irshada A, Mohyud-Din TS, Ahmed N, Khanc U. A New Modification in Simple Equation Method 


and its applications on nonlinear equations of physical nature, Information Sciences Letters 2014; 1: 1-9. 


9] Younis M, Zafar A. The modified simple equation method for solving nonlinear Phi-Four equation , 
International Journal of Innovation and Applied Studies 2013; 4: 661-664. 

10] Lu D, Seadawy A, Arshada M. Applications of extended simple equation method on unstable nonlinear 

Schrdinger equations, Optik-International Journal for Light and Electron Optics 2017; 140: 136-144. 

11] Akcagi S, Aydemir T. Comparison between the (G/G) - expansion method and the modified extended 

tanh method, Open Physics 2016; 14: 88-94. 


12] Zhang W. A Generalized Tanh-Function Type Method and the (G/G) -Expansion Method for Solving 


Nonlinear Partial Differential Equations, Applied Mathematics 2013; 4: 1-16. 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


TRAVELING WAVE SOLUTIONS FOR SOME INTEGRO PARTIAL DIFFERENTIAL EQUATIONS = 257 


Wang M, Xiangzheng L, Jinliang Z. The (G/G)-expansion method and travelling wave solutions of 
nonlinear evolution equations in mathematical physics, Physics Letters A 2008; 417-423. 

Manafian J. Optical soliton solutions for Schrdinger type nonlinear evolution equations by the 
tan(®(€)/2)-expansion method, Optik 2016; 127: 4222-4245. 

Manafian J. Expanding the Tanh-Function method for solving nonlinear equations , Applied Mathematics, 
2011; 2: 1096-1104. 

Panahipour H. Application of Extended Tanh Method to Generalized Burgers-type Equations , Commu- 
nications in Numerical Analysis, 2012; 2012: 1-14. 

Khan K, Akbar MA. Application of Exp(—phi(xi))-expansion Method to Find the Exact Solutions of 
Modified Benjamin-Bona-Mahony Equation, World Applied Sciences Journal, 2013; 10: 1373-1377. 

Bekir A, Aksoy E. Application of the Subequation Method to Some Differential Equations of Time- 
Fractional Order, World Applied Sciences Journal, 2015; 10: 1-5. 

Ege SM, Misirli E. Traveling Wave Solutions of Some Fractional Differential Equations, Romanian Journal 
of Mathematics and Computer Science, 2016; 6: 106-115. 

Mahmud F, Samsuzzoha M, Akbar A. The generalized Kudryashov method to obtain exact traveling 
wave solutions of the PHI-four equation and the Fisher equation, Results in Physics, 2017; 7: 4296-4302. 
Kaplan M, Bekir A, Akbulut A. A generalized Kudryashov method to some nonlinear evolution equations 
in mathematical physics, Nonlinear Dynamics, 2016; 85: 2843-2850. 

Ege SM. Extended traveling wave solutions for some nonlinear equations, Advances in Mathematics: 
Scientific Journal - Research Publication, 2016; 5: 179-189. 

Guner O, Bekir A. A novel method for nonlinear fractional differential equations using symbolic compu- 
tation, Waves in Random and Complex Media, 2017; 27: 163170. 

Arbabi S, Najafi M , Analytic Solution of the (1 + 1)-Dimensional Ito equation using the sine-cosine 
Method, International Journal of Modern Mathematical Sciences, 2012; 4: 89-95. 

Bhrawy AH, Alhuthali MS, Abdelkawy MA. New Solutions for (1+1)-dimensional and (2+1)-dimensional 
Ito Equations, Mathematical Problems in Engineering, 2012; 2012: 1-24. 

Gepreel KA, Nofal TA, Alasmari AA. Exact solutions for nonlinear integro-partial differential equations 
using the generalized Kudryashov method, Journal of the Egyptian Mathematical Society, 2017; 2017: 
1-7. 


DEPARTMENT OF MATHEMATICS 
EGE UNIVERSITY 
BorRNova, IZMIR 35100 TURKEY 


E-mail address: serife.muge.ege@ege.edu.tr 


